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PREFACE. 

On first commencing to read the Differential Calculus, a subject which opens 
a wide field of analytical research, the student enters upon an entirely new 
system of thought. In his previous investigations he has always been 
accustomed to consider quantities, whether known or unknown, as having 
some fixed or determinate value ; he has now to conceive the values of 
certain quantities to undergo continuous changes, and to operate upon 
these changes with new symbols and new processes, which in themselves 
have but a remote analogy to ordinary Algebra. 

When two quantities, thus continuously variable, are connected by an 
analytical equation, and their values are therefore mutually dependent on 
each other, and they are supposed to be affected by simultaneous changes, 
it is evident that the increments will also be connected by some corresponding 
analytical relation. The primary object of the Calculus is to establish goneral 
methods of investigating the nature and properties of such relations when 
the changes or increments are supposed to be small. To effect this, it is 
first requisite to trace the successive values of the ratio subsisting between 
two increments, when the increments themselves arc supposed to continuously 
decrease in magnitude, and to determine the limiting value of this ratio when 
they ultimately become infinitesimals. This ultimate or limiting value is, 
in fact, that which represents the ratio ^ when the increments are supposed 
absolutely to vanish, and it is completely defined and accurately determined 
by referring the successive values to the recognized law of continuity. The 
operation here described is the true foundation of the Calculus, and the 
condition of continuity, especially insisted upon in the present treatise, 
entirely removes from the limiting value that obscure and indeterminate 
character which otherwise forms an insuperable obstacle to a proper 
comprehension of the first principles. 

We recommend the student to make himself familiar with the methods 
of " limiting ratios " and " infinitesimals." The theory of Infinitesimals 
is literally that of the Differential Calculus, and the principal law which 
regulates this theory is directly inferred from the method of limiting ratios. 
The two methods are indeed virtually but modifications of the same idea. 
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Thus, in comparing together the relative values of any two infinitesimals, the 
rejection of terms involving infinitesimals of higher orders is, in effect, 
precisely the same as that of proceeding to the ultimate ratio of the 
infinitesimal quantities by the method of limits, and such rejection may 
in reality be said to be the operation of cropping down the quantities to 
their ultimate or limiting relative proportions. The method of infinitesimals, 
sometimes called the method of elements, is therefore as correct in its 
reasonings and deductions, and as accurate in its results, as the method 
4 of limits, and, being less abstract in its nature, its application, when properly 
understood, is usually attended by greater facility and clearness, especially 
in abstruse investigations. 

In preparing the present publication, we have endeavoured to do justice to 
each Chapter by restricting the applications to matters of general interest, 
which was considered to be essentially more solid and satisfactory than any 
attempt to give, within the prescribed limits, a meagre outline of a more 
extended variety of subjects. The first five Chapters comprise the entire 
theory of the Calculus as a pure branch of analysis, and the remaining 
Chapters exhibit the applications to the theory of maxima and minima, and 
the geometry of curve lines. The general theorems of Euler, Lagrange, and 
Laplace not being essentially required in the body of the work, though very 
important to be known by those who may desire to extend their course of 
reading, are inserted at the end of the last Chapter. 

The subjects contained in the several Chapters are treated according to the 
most elegant and approved methods of investigation, some of which are 
presumed to be new; numerous interesting examples, exhibiting their re- 
spective results, are inserted for the exercise of the student, and copious 
explanations are given of the precise nature of the principles involved in 
the various operations. It is hoped that these explanations may tend to 
obviate the peculiar difficulties so commonly experienced in the acquirement 
of correct notions, and, by making good the foundation, conduce to the 
rational and satisfactory advancement of the intelligent student in obtaining 
a knowledge of one of the greatest superstructures of the human intellect. 
Should this expectation be in any degree realized, we shall experience a cor- 
responding gratification. 

London, Marcli, 1852. 
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CHAPTER L 

DEFINITIONS AND FIRST PRINCIPLES. 

(] .) By means of Algebra we investigate the various numerical 
and symbolical relations subsisting amongst fixed quantities, 
some of which are known and others unknown, the ultimate 
object in general being to evolve the unknown values, or to 
express them in terms of those which are known. 

In the Differential Calculus certain values or quantities 
related to each other are supposed to continuously increase or 
decrease in value, and our object is to investigate the relations 
subsisting amongst the corresponding changes that take plare 
in their values when those changes are indefinitely diminished. 
Although the changes themselves are supposed to be infinitely 
small, it will be found that the ratios which these changes 
bear to one another arc usually finite and appreciable, anil 
therefore suitable subjects of investigation. 

(2.) The symbols which enter into the operations of the 
Differential Calculus are of two kinds, representing constant 
quantities and variable quantities. 

A constant quantity is one which retains the same deter- 
minate value, this value being unaffected by the supposed 
changes in other quantities. 

A variable quantity is one which admits of a succession of 
different values. 

(3.) A variable quantity varies continuously when in chauging 

A 
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from one value to another it passes through every intermediate 
value. For example, if a point be supposed to move along a 
curve line it will do so continuously, since in moving from one 
position to another it must have passed through every inter- 
mediate point. It follows therefore that quantities which vary 
continuously may be supposed to increase or decrease by very 
small variations, capable of being diminished to any extent. 

(4.) A function is any analytical expression involving one 
or more variable quantities, and is usually called a function of 
the variable quantity or quantities which it contains. Thus x 2 , 
x 2 + ax, V a 1 — x 2 are functions of x, and ax + by, 
# 2 + y 2 + xy are functions of x and y. 

Functions are frequently denoted by prefixing one of the 
characters F, /, <f>, &c. to the variable or variables, and for 
brevity they are sometimes indicated by a single letter. 

Functions are the same in form when the quantities are 
involved in the same manner. Thus x 2 -f- a x is the same 
function of x that y 2 -f- a y is of y ; and supposing F to be the 
characteristic of x 2 + ax, that is, supposing x' J + ax to be 
indicated by Fx, the expression y 2 + ay will be similarly 
indicated by Fy. In like manner if # 3 y 2 -f xy be re- 
presented by f{x,y), the expression w 2 -f t? a -f uv would be 
denoted by/ (a, r). 

Functions which, in a finite number of terms, involve the 
ordinary algebraical operations of addition, subtraction, multi- 
plication, division, involution and evolution, are called Alge- 
braical Functions, According to this definition, a x -f b, 

6 a — x z b + x 

and all expressions belonging to pure Algebra, are algebraical 
functions. 

Functions which do not exhibit the ordinary algebraical 
operations and which do not admit of being so expressed in 
finite terms, are called Transcendental Functions. Thus a*, 
log x, sin x, are transcendental functions ; the first being 
exponential, the second logarithmic, and the third trigono- 
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metrical. There are other transcendental functions besides 
these, arising out of certain special researches, but it will not 
be necessary to particularize any of them here. 

(5.) When a variable quantity x is assumed to pass to another 
value, the amount of change or the difference between the two 
values is called an Increment or Difference. Similarly the 
difference between the two corresponding values or the cor- 
responding change that takes place in the value of any 
function of * is the increment or difference of the function. 
These increments are usually denoted by prefixing the symbol 
A. Thus Ax, A {fx) are simultaneous increments of x and 
fx, the corresponding new values being x -f A x and f(x + Ax) 
or fx + A (/**)• When a value becomes decreased by the 
supposed change, the increment is to be understood as having 
a negative value. 

(6.) Let u = fx denote a function of a variable quantity x. 
Suppose x to receive a small increment Ax so as to become 
of the value x -f Ax, and let the corresponding value of u be 
supposed to be u + Au =f(x + Ax). Let the binomial 
function f (x + Ax), when expanded in terms involving the 
integral powers of A x, be also supposed to give 

u + Aft =f(x + Ax) = fx + VAx + QAx* 

+ RAtf 3 -f&c (i) 

in which P, Q, R, &c. are new functions of x> independent of 
A x, and owing their forms entirely to that of fx ; also Ax is 
to be regarded as a single symbol, so that Ax 2 , Ax 3 , &c. 
indicate (Ax) 2 , (A*) a , &c. From this and the initial equation 
u — fx, we deduce 

A« = PAJT-fQAjr 2 + RAx 3 -h&c (2) 

and this value would represent the difference or increment of 
the function u according to the theory of Finite Differences. 
We have also, dividing by Ax, 

— = P + Qaj? + Raj 2 + &c (3) 

Ax 
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4 ME DIFFERENTIAL CALCULUS. 

Each step in this deduction, including the division by Ax, 
is free from ambiguity when Ax is of any value, great 
or small, positive or negative; but the result has no 
intelligible signification when Ax is zero, for as soon as Ax 
absolutely vanishes, we immediately lose all idea of quantity 
on the left-hand side of the equation, and the fraction 

takes the singular and indeterminate form jj. As, however, 

the equation must obviously hold for every other value ex- 
cepting Ax = 0, we may take Ax extremely small, and it still 
will be strictly true for every value between that and zero ; and 
as there is no symbol of discontinuity on the right-hand side 
of the equation, we may, by applying the principle of continuity 
to the fraction, include the existence of the equation, when A x 
actually vanishes. Thus we should have 

^(whenA* = 0) = jj = P (4) 

and the coefficient P will therefore represent the limiting 

A li 

value of the fraction — , when A?* and Ax simultaneously 

Ax 

vanish ; and here we must not overlook the implied condition 
*hat the particular value thus assigned to the vanishing fraction 

when it reaches its indeterminate state is determined by a 

0 

consideration of its successive values and is that which obeys 
the continuity existing amongst all the other values &s Ax 
continuously diminishes from a small position to a small 
negative value. This condition of continuity forms the basis 
of what is usually called the "theory of limits" or of "limiting 
ratios/' and should be well understood by the student, who 
will afterwards not experience any difficulty in acquiring a 
true conception of the first principles and objects of the Calculus. 

The equation (3) has been made to merge into the equation 
(4) by supposing the increments Au and Ax to absolutely 
vanish. It is evident that the former equation will assimilate 
to the latter to any degree of nearness by conceiving the values 
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of Am, Ax to diminish, and that they will he indefinitely near 
when A j* is indefinitely small. In order therefore to impart 
some tangible signification to the symbols on the left-hand 
side of the equation (4), the values of Am, Ax, instead of being 
absolute zeros, are supposed to be extremely small quantities 
having the same ratio to each other as the limiting ratio ex- 
pressed by the equation, and they are then designated by du, 
dx. The equation is therefore stated as follows : 

— =P 

dx \ .... (5) 

or du = P dx 

The indefinitely small quantities du, dx, thus related, are 
called the differentials of u and x, so that P dx represents the 
value of the differential of the function u ; and from what has 
preceded it is evident that the smaller dx is conceived to be as 
a change in the value of x, the more nearly will du assimilate 
to the actual corresponding change in the value of u. 

The quantity x which is first supposed to vary and on the 
differential of which other differentials are thus made to depend 
is called the independent variable. 

The coefficient P is called the differential coefficient of the 
function u, with respect to x, because it is the coefficient or 
multiplier of the differential dx which determines the dif- 
ferential of the function. 

The student will observe that in the Calculus the letter d is 
not in any case employed as it may be in Algebra, to represent 
quantity or value. In this sense it has no isolated signification, 
and it is never used excepting as the symbol of operation which 
characterizes the differential of the variable to which it is 
immediately prefixed. 

(7.) The peculiar difficulty in the preceding deductions is pre- 
cisely analogous to that which occurs in conveying an adequate 
idea of the measurement of the velocity of a body when that 
velocity is continuously variable. When the velocity is uni- 
form, the space and time will vary proportionally, and the 
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6 THE DIFFERENTIAL CALCULUS. 

velocity will be correctly represented by the ratio, or fraction, 

space described 
time of describing it 

which ratio, or fraction, will preserve the same value whether 
the space and corresponding time be taken great or small. 
But when the velocity is variable it is obvious that the above 
fraction cannot accurately define its value at the point from 
which the space is supposed to be measured, because the 
space, however small, will then be described by a continuous 
succession of different velocities. It is however evident that 
the smaller and smaller the space and time are taken, the 
closer will their ratio approximate to the true velocity, and 
that the diminishing error of such approximation will become 
completely exhausted when we take the limiting ratio as the 
quantities are supposed to vanish. The velocity of the body 
at any point is therefore represented with rigorous exactness 
by the limiting value of the above fraction when it takes the 

_ ft. ° A„a .„«, h „n„,o 8J ft. rtW of 

any function might be defined to be the velocity with which it 
increases when the independent variable varies uniformly at a 
rate, to be taken as the unit of measurement. In the geo- 
metrical application of this idea, which was the origin of Sir 
Isaac Newton's method of fluxions, a line is supposed to be 
generated by the motion, or flowing, of a point, a surface is 
supposed to be generated by the motion of a line, and a solid 
by the motion of a surface. It should be observed however 
that our preconceived notions as to the estimation of velocities 
of movement, though serving the purpose of illustration, are 
not sufficiently elementary to be made the basis of a branch of 
pure science. 

The particular considerations under which the equation (2) 
has been converted into the differential equation (5) conduct 
us to the ingenious theory propounded by Leibnitz, called the 
theory of infinitesimals, the principles of which may now be 
briefly explained. 
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(8.) Before entering upon this part of the suhject it should 
first be premised that the phrases " infinite number" and "infi- 
nitely small quantity," which embody the principal objects of 
our reasonings, are to be understood as having only a relative 
signification, since all operations connected with them in the 
literal or absolute sense of the terms are inconceivable. Thus 
an " infinite number " is to be considered in a qualified sense 
as infinitely great in comparison with any finite number ; and 
an "infinitely small quantity" is also to be relatively con- 
sidered as infinitely small in comparison with any finite 
quantity. 

If any finite quantity be supposed to be divided into an 
infinite number of parts, each part will be infinitely small and 
is called an infinitesimal, because an infinite number of these 
is required to make up the finite quantity ; it is also when 
compared with other infinitesimals said to be of the first order. 
By supposing one of these infinitesimals to be similarly divided 
into an infinite number of smaller parts, each of these is called 
an infinitesimal of the second order, and an infinite number of 
them will be required to make up an infinitesimal of the first 
order. In like manner by supposing each successive infini- 
tesimal to be divided into an infinite number of parts, infini- 
tesimals of still higher orders are obtained. 

The same process also leads us to t he conception of different 
orders of infinities, the word infinity, as before, having only a 
relative and qualified signification. Thus the number of 
infinitesimals of the first order contained in the finite quantity, 
viz. the infinite number of parts into which it is divided, is an 
infinity of the first order ; the number of infinitesimals of the 
second order contained in the finite quantity is an infinity of 
the second order, &c, &c. It is evident therefore that infini- 
tesimals and infinities, of the same order, are reciprocally 
related, since the one multiplied by the other produces the 
finite quantity. Sometimes an infinitesimal is called an 
"element" of the integral or finite quantity of which it forms 
a part. 
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8 THE DIFFERENTIAL CALCULUS. 

Referring to the equation (2) in which x, as usual, is sup- 
posed to represent an arithmetical value, we may assume 

Ar = i, N denoting anv number or numerical value. When 
N 

N is a large number, Ax becomes a small quantity, and a term 
P Ax which involves its first power is in such case usually 
called a small quantity of the first order with respect to Ax ; 
Qax 2 which involves the second power is of a still smaller 
scale of value, and is said to be of the second order with respect 
to Ax ; It Ax 3 is called a small quantity of the third order with 
respect to Ax, &c. If N be supposed to be an infinite 
number, Ax will become an infinitesimal, and denoting it by 
dx, we have 



p 




N 




Q 


Qdx 


N 2- 


N 


R 


Rdx 2 


N 8 ~~ 


N 




&c. 



&c. 

Hence as P, Q, R, &c. are supposed to be finite coefficients, 
it follows, according to the preceding definitions, that the 
terras Pdx, Qdx 2 , Rdx 3 , &c. are infinitesimals severally of 
the first, second, third, &c. orders. 

By supposing the number of parts into which the finite 
quantity is divided to be progressively augmented, the cor- 
responding infinitesimal will become diminished, and in the 
extreme case the quantity may be assumed to be divided into 
an infinite number of parts, in the absolute sense of the term, 
in which case it is easy to conclude that each of the parts 
must become ultimately zero. In thus proceeding to the 
extreme case, the nature of the reasoning is in effect the same 
as that employed in deducing the limiting ratio or ultimate 
value of a vanishing fraction. The laws of infinitesimals are 
also founded upon this extreme case, and their operation is 
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always exact, for this simple reason, that the extreme limit 
dx = 0 is, in all mathematical investigations, understood to 
be applied to the final result of infinitesimal deductions. These 
laws are as follows : 

I. In any equation containing terms of finite value, .other 
terms which represent infinitesimal quantities may be omitted; 
because in the extreme case these infinitesimals become absolute 
zeros. 

Thus in equation (3) when Ax, A?« become infinitesimals 

d u 

denoted by dx, du, the fraction —being not necessarily an 

o x 

infinitesimal, the equation, according to this rule, becomes 

being in fact the same as the extreme limit of the equation 
before expressed in (4) or (5). 

II. In an equation containing infinitesimal quantities of any 
order, all infinitesimals of higher orders may be omitted. 

For example, in the equation (2) if Ax become an infinitesi- 
mal dx, the terms du, P dx will be infinitesimals of the first 
order, and the other terms will be infinitesimals of higher 
orders. Therefore, omitting these, the equation will become 

du = P dx. 

This evidently follows by first deducing the equation (3) and 
then taking the extreme limit as before. 

III. In comparing two infinitesimal quantities, if they are of 
the same order they will have a finite ratio to each other, but 
if of different orders the ratio will be either zero or infinity. 

For example, let Adx m , Bdx m be two infinitesimals, both 
of the mth order with respect to dx, then 

Adx m A 

Bdx^ = B 9 a fimte ratl °- 

Again, let Adx m + n , Bdx m be two infinitesimals of the 

a 5 
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(m+w)th and mth orders respectively, then 
Adx m+n Adx 11 



Bdx m ~~ B - : 
Bdx m B 



an infinitesimal of the nth order, 



- , an infinity of the nth order; 
Adx m + n Adx n 

and, at the extreme limit, these become 



Adx m+n Bdx 



711 




Bdx m ~ 0 Adx m +*~~* m 

(9.) The method of determining the position of a tangent 
to a plane curve supplies an elegant geometrical elucidation of 
the signification of the differential co- 
efficient of a function. Let A P B be 
a curve line ; P a point in the curve 
the coordinates of which are A D = x, 
DP = y; Q another point in the curve 1 
the coordinates of which are A D' = x 
+ Ax, D' Q = y + A y ; and suppose the curve to be deter- 
mined by an equation of the form y = fx, any function of x. 

Then from what precedes, 

Ay = Pax + Qa** + Raj 3 + &c. 

^ = P + QAx + R Ax 2 + &c 
AX 

In the diagram, A* = PG, Ay = GQ, and therefore 
= tan L s P G. Consequently 

AX 

tan /.*PG = P -f QA* + RAtf* -f &c (a) 

From this equation we infer that if Ax be taken less and 
less towards zero, the value of tan «PG will approximate to 
the differential coefficient (P) as its utmost limit. For the 
geometrical limit of the angle * P G, as Ax decreases, we may 
suppose the point Q to approach nearer and nearer to the 
point P, and watch the progress of the line rs which passes 
through them, or we may suppose the line r* to turn 
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gradually about the. fixed point P, so that the intersection Q 
shall proceed towards P. The former of these suppositions 
will lead ultimately to an indeterminate result, whilst the 
latter will proceed at once to the extreme limit. Thus on 
the former supposition, when the point Q finally arrives at the 
point P, and the two points become one, it is evident that an 
indefinite number of lines can be drawn through them, and 
therefore that the position of the line r s is so far indetermi- 
nate. But on the other supposition, if the motion of rs he 
conceived to cease, the instant the point Q arrives at the point 
P, it will then assume the position of the tangent R S, which 
touches the curve at the point P ; and this is obviously the 
only position which can obey the law of continuity amongst 
the positions that precede it. If we now suppose the motion 
of rs to continue onward, it is evident that it will begin to 
intersect the curve on the other side of the point P, or between 
P and A, and that the positions will then have reference to 
negative values of Ax. The line rs will thus pass through a 
continuous series of positions as A x gradually diminishes from 
positive to negative values ; and when Ax = 0, though the 
position, as depending on the two points through which it has 
to pass, is then indeterminate, yet the position R S is the only 
one that can partake of the continuity existing amongst all the 
others, and the angle SPG is the only one that can partake of 
the continuity existing amongst the preceding and following 
values of that angle. Now, according to the equation (a), the 
scries 

P + Qax + Rax 2 + &c. 

strictly corresponds with the value of tan s P G for every value 
of Ax except zero ; and hence as the values of this series as Ax 
passes from positive to negative values are wholly continuous, 
and consequently, when Ax = 0, the first term P partakes of 
that continuity, it is conclusive that 

tanSPG = P = ^ (£) 
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which may be either considered as a fraction whose numerator 
and denominator are the differentials of the ordinates, or the 
differential coefficient of y considered as a function of a\ 

By this result it is evident that the differentials of the ordi- 
nates x, y may be relatively conceived as represented by two 
small coordinate lines Pm, mp terminating in the tangent at 
a contiguous point p. 

(10.) After what has now been explained the student will 
not fail to observe that the leading principle of the Calculus 
arises out of the following considerations : 

When a fraction, which in a particular case takes the inde- 
terminate form jj, expresses the value of a quantity which we 

have reason to know from the nature of the subject does not 
become discontinuous in that case, or generally when such a 
fraction enters in any equation, the other terms of which are 
not discontinuous, the fraction is, under such circumstances, 
necessarily limited to continuous values, and consequently, 
when the numerator and denominator vanish, it must take the 
particular limiting value assigned by the law of continuity. It 
is on the ground of continuity alone that the mathematical 
accuracy and logical rigour of the principles and applications of 
the Calculus may be considered to rest. The fundamental 
principle of our operations, according to the theory of limits, 
consists in this, that if the increment of a function be divided 
by the corresponding increment of the independent variable, 
then as the increments are taken less and less towards zero, so 
will the quotient approximate in value to the differential co- 
efficient as its utmost limit. Thus the differential coefficient 
is that particular value of the vanishing fraction which con- 
forms to the law of continuity amongst the other values : and 
since this is the identical value of the fraction, which always 
enters as the subject of investigation, the truth of the principle 
on which the Calculus is applied, in the case of limits, may be 
regarded in the strictest sense, and at the same time rendered 
clear and satisfactory to the understanding. 
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(11.) There is yet another mode of laying down the first prin- 
ciples of the Calculus, which, at the onset, has the advantage of . 
obviating all considerations of infinitesimals and limiting ratios, 
so as to bring the subject within the scope of ordinary Algebra. 
This method, commonly called " the method of derived func- 
tions," is presented by Lagrange in his ' The'orie des Fonctions 
Analytiques,' and the investigations, which in their nature are 
purely algebraical, are at the same time elegant, systematic and 
logical. In substance this method is equivalent to the following : 

Let A denote a small accession to the value of a variable 
quantity x which thereby becomes of the value x + A ; and 
suppose the binomial function / (x + A), when developed 
according to the powers of A, to be as in equation (1), viz. : 

f(x + h) =fx + PA + QA 2 + RA 3 + &c. 
in which P, Q, R, &c, as before, denote new functions of x 
whose forms depend wholly upon that of fx. 

Then the coefficient P, which is identical with the differen- 
tial coefficient, Lagrange defines to be the first derived func- 
tion ; he designates it by fx, and observes that it is quite 
independent of the value of. A. By treating the derived 
function fx in the same manner, that is, by expanding 
f'(x -f A) and again taking the coefficient of A, a second derived 
function, designated bjf'x, is obtained; and this process is 
further supposed to be successively repeated to third, fourth, 
&c. derived functions. 

(12.) These definitions being premised, the more immediate 
objects of the calculus of derived functions are : 

1 . The form of any function fx being given, to determine 
the forms of the derived functions, and to effect generally the 
form of the development of the binomial function f(x + A), 
with other problems relating to the expansion of functions. 

2. The form of a derived function being given, to find 
that of the original or primitive function, &c, &c. 

The problems comprised in the first of these are equivalent 
to those of the Differential Calculus ; and those of the second, 
which refer to the inverse operations of the Calculus, are in 
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effect the same as the inverse processes of integrating differen- 
tials and differential equations in the Integral Calculus. And 
these abstract analytical problems, which embody the essential 
principles of the Calculus as an instrument of investigation, are 
thus established without introducing any ideas relating to 
infinitely small quantities or limiting ratios, all considerations 
of small quantities being in fact deferred to their legitimate and 
inevitable occurrence when we come to the actual applications 
of the Calculus to the various geometrical and physical subjects 
which arise in the different branches of mathematical science. • 

We have here given a brief exposition of the fundamental 
principles according to different methods of treatment, because 
a knowledge of each of these will be necessary to enable the 
student eventually to acquire a thorough command of the 
powerful resources of the Calculus. After a little experience 
he will not fail to discover that the collective reasonings em- 
ployed in these methods are substantially alike, and that they 
in reality constitute the same grand unique system of deduction, 
only exhibited under different points of view or modified for 
the purpose of more immediate adaptation to particular objects 
of investigation. 

(13.) Before entering upon the manual operations of the 
Calculus or discussing the practical methods of differentiating 
functions, we shall here concisely repeat those preliminary 
ideas respecting the operation of differentiation, which should 
in the first place be distinctly impressed upon the mind : 

If, when the variable quantity x increases by an increment 

Ax, a function u or fx increases by Aw or A (fx) ; then the 

"differential coefficient 99 of the function is determined by 

ascertaining the ultimate ratio of the increments, or the limiting 

i » ,r t* increment function Aw 
continuous value of the fraction — — = — or 

increment vanable Ax 
^£^when the increments are supposed to vanish, and this 

differential coefficient is symbolized by — or ^ , and 
sometimes more briefly by v! or fx. 
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If we further suppose the expansion of the binomial function 
f(x + Ax), according to the ascending powers of Ax, to be 

/Or + Ax) -fx + Fax + QAx 2 + &c; 

then the coefficient P of Ax, exhibited by the second term, 
will also be the differential coefficient of the function /(i) ; 
that is, 

du d(fx) _ 

or — - — = r. 
ax dx 

In these relations du and dx may be regarded as simulta- 
neous infinitesimal increments of u and x ; but this idea is not 

always necessary, because ^ may be either considered as a 

fraction determining the ultimate ratio of two infinitesimals or 
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according to the nature of the investigation. 

The following examples, in which the differentials are deter- 
mined from first principles, will practically explain their 
operation. 

Example 1. — Let u = x 2 ; then, as the equation is general 
for all values of x, when x becomes x -f Ax it will give 

(u -f Au) = (x+ Ax) 2 = x 2 + 2# Ax + Ax 2 . 

From this take away the first value u = x 2 , and we get 

a Au 

Au=VxAx + Ax 2 — = 2,r + A.r. 

AX 

This last equation is accurately true fbr all values of Ax, 
however small, and the value of 2 x + A* on the right- 
hand side, will evidently change continuously as we suppose 
A* to continuously diminish and ultimately to vanish. Hence 
making A x = 0 and taking the limiting value of the traction 

denoted by we obtain 

= 2x or du = 2 x dx, 

dx 

which is the differential of the proposed function u = x 2 . 
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Example 2. — Let u = x 3 + 3a 2 x ; then, when x becomes 

X -f Ax, 

u + Au = (x + Ax)* + 3 a 2 (* + A*) 
= * 3 + 3« 2 .r + 3(* 2 + a 2 ) Ax + ZxAx 2 + Ax*. 
Reject u = x s + 3a 2 x, and 

A« = 3 (x 2 + a 2 ) Ax+ 3xAx 2 + Ax* 
Au 

— = 3 (.r 2 + a 2 ) + SxAx + Ax 2 . 

AX 

Hence, as before, making Ax =s 0 and taking the limit, we 
get 

J = 3 Or 2 + a 2 ) or du = 3 ^ 2 + a*) 

2 *4~ b x 

Example 3. — Let u = _^ ; 

a 2 -f £ (or + A*) , 

then u •+* Am = — r — and 

o — * — Ax 

a 2 +i* + 6A# fl 2 + fta: (a 2 + b 2 ) A v 

b x — Aj? ^ — x (b — x) (b — x — A*) 

Att cr 2 + 



' ' A* ~ — x) (b — .r — Ax)' 

Therefore, at the limit, 

du a 2 -\- b 2 _ a 2 -f £ 2 , 

The process of finding the differential coefficient or the 
differential of any proposed function is called " differentiation,' * 
and we proceed in the following Chapters to establish the 
principal rules by which we are guided for the purpose of 
facilitating the actual performance of this operation on the 
different forms and varieties of functions. 
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CHAPTER II. 

DIFFERENTIATION OF FUNCTIONS. 

I. Algebraical Functions. 

(14.) A constant quantity connected with a function by the 
sign of addition or subtraction will disappear after differen- 
tiation. 

Let u = P + c, P denoting any function of a variable x. 
When x becomes x + Ax, suppose P and w to respectively 
become P + AP, u -f Aw ; then 

« + a«=(P + aP) ± c. 

From this subtract u = P + c and there remains the in- 

— • 

▼I rm /» Aw AP du dV 

crement Au — aP. Therefore — = — and hence = ^ 

or d u = d P, in which result the constant quantity c does not 
appear. 

(15.) A constant quantity connected with a function as a 
multiplier or divisor will remain as a multiplier or divisor after 
differentiation. 

Let w = c P, P as before denoting any function of a variable 
x; then when w, P take the new values w + Aw, P + AP, 
we have 

w -f Aw = c (P + AP). 
From this subtract w = cP, and we get Aw = caP 

. Aw _ ^aP 
Ax Ax 

du dV 
Hence ^ = c — or du = c dV. 

& .« , P /» j du 1 dV . dV 

Similarly, if w = we find — = - . — or du = 

c dx c dx c 
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(16.) The differential of a function consisting of two or more 
terms, connected by the signs of addition or subtraction, is 
found by differentiating each term separately and collecting 
the results with their proper signs. 

Let m=P+Q+R+ &c., where P, Q, R, &c. are func- 
tions of x ; then when x takes the value x -f A x, the function 
u will become 

u + Am = (P -|- AP) + (Q + AQ) ± (R + AR) ± &c. 

From this subtracting the former value m = P + Q + R + &c, 
we get 

Alt = aP + aQ + aR + &C 

Ax Ax Ax Ax 

du dF t dQ dR , 0 

Hence -j- — ~3 — t- -3 1- -3 r &c. 

ax ax ax ax 

or du = dF ± dQ ± dU ± &c. 

(17.) The differential coefficient of any constant power of 
the independent variable x is found by multiplying by the 
exponent and diminishing the exponent by unity. 

Let u = x n ; then when x takes the value * + Ax t u + Am 
= (x + Ax) n . 

.'. AM = (x + Ax) n — x w . 

To find the value of Au in powers of Ax it will be necessary 
to expand this binomial ; but the second term of this expansion 
will suffice for our present object, and this may be Teadily 
found by means of induction, independently of the binomial 
theorem. 

First, suppose the exponent n to be a positive integer. By 
multiplying successively by x + Ax, disregarding the terms 
which involve the second and higher powers of Ax, and in- 
dicating those terms by -f &c, we obtain 

(x + Ax) = x -f Ax 

- 

(x + Ax) a = x a -f 2x Ax + &c. 
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(x + A*) 3 = x 3 + 3 x Q Ax + &c. 
(x 4- Ax) 4 — x 4 -J- 4x 3 Ax + &c. 
&c. &c. 

And generally, (x + Ax) 71 = x n + nx n ~ l Ax + &c. 
The value of Au is therefore of the form 

Au = nx n ~ l Ax + Qajf 2 +RAx 3 + &c. 

where Q, R, &c. denote certain functions of x and n. Hence 

Am 

~ — = nx»~ l + QAx + RAcr 2 + &c. ; 

IP A* 

and this equation is true for all values of A x. By proceeding 
continuously to A a? = 0 and taking the limiting value of the 
fraction, it ultimately gives 

du 

— - = nx n ~ 1 or du = nx n ~ 1 dx. 
dx 

The same reasoning and the same result also obtain when x 
instead of being considered the independent variable is sup- 
posed to represent any function of another variable. 

Secondly, suppose the exponent to be a negative integer, 

1 1 
or u == *-»; then « = — , u + Aw = and 

# Ax) n 

1 1 (# 4- A#) n ■— x n 

Au ~~ {x + Ax) n ~~a? n — (# + A*)" 

_ »* n - l Aj? + QAx 2 + RA,r 3 + &c. 

x n (x -f- Ax) n 

AH _ _ ng"" 1 4- Q A* + R Ag a + &c. 
• % Ax "" * n (x + A*)* 

By proceeding as before to the limiting value, this gives 
^ = — " — = - njp-*~ 1 or a*w = — «x 1 rf*. 
Thirdly, suppose the exponent to be fractional, or u == 
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i ♦> ; then u n == x m and n u n - 1 du = m x m ~ 1 dx 



du m x m ~ l mx m - 1 m ~ ~ 1 



dx nu n ~ 1 1) 



= — x 



m 



If the fractional exponent be negative, or u — x n ; then u n 
= .r - m and w m n - 1 rf« = — m .r - OT - 1 rf,r, which in the same 

m 

du m ~ n ~ 1 . 

way gives — = * 

The rule is therefore true for all powers, whether the expo- 
nent be positive or negative, integral or fractional. 

(18.) The differential of any constant power of a function 
is found by multiplying by the exponent, diminishing the 
exponent by unity, and finally multiplying by the differential 
of the function. 

Let u = P n , P being a function of x ; then proceeding as in 
article (17), only substituting P in place of x, we obtain 

^ = nP n - 1 andtftt = nP»-i rfP. 

Or 

As in the former case, this rule is also true for all powers, 
whether the exponent be positive or negative, integral or frac- 
tional. 

Cor. Hence also ~ = n P w - 1 ^ 

ax ax 

dP 

and du = n P w_1 — dx. 

dx 

(19.) The differential of a function consisting of two variable 
factors is found by multiplying each factor by the differential 
of the other, and adding together the two products. 

Let u = P Q, the factors P and Q being functions of x. 
AVhen x becomes x + Ax the corresponding values of w, P, Q 
will be w + Aw, P + aP, Q -f- aQ respectively, and then 

u + am = (P + AP) (Q + aQ) = P Q + Q aP 

+ (P + aP) aQ 
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.\ AU =Q AP + (P + AP)aQ 

Ax Ax AX 

Hence, making the increments vanish and taking the limit- 
ing values, we get 

£ =Q S +p § orrfu=Qrfp+pdQ - 

(20.) The differential of a function consisting of any number 
of variable fjactors is found by adding together the products 
formed by multiplying the differential of each of the factors by 
all the others. 

Let w = PQR,a function consisting of three variable factors 
P, Q, R. By considering the function u to consist of two 
factors P Q and R, we have by (1 9) 

rftt = Rrf(PQ) +PQcfR 

= R(QrfP + PrfQ) +PQdR 

= QRrfP + RPcJQ + PQrfR. 

Similarly if u = P Q R S, the product of four factors, we 
obtain 

tfw = Srf(PQR) + PQRdS 

= S(QRdP + RPrfQ + PQtfR) + PQRtfS 
= QRSrfP + RSPdQ + SPQrfR + PQRrfS; 
and the same process of derivation may evidently be extended 
to any number of factors. 

(21.) The differential of a function in the form of a fraction 
is found by multiplying the differential of the numerator by 
the denominator, from this product subtracting the differential 
of the denominator multiplied by the numerator, and dividing 
the remainder by the square of the denominator. 

P 

Let u = q, P and Q being functions of x; 

then ii + Au = and 

H + A<4 
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Au= P + aP _ ?_ Qa P-P aQ 
Q + aQ Q Q(Q + aQ) 

Am Ax 

" A*" Q(QTaQ)"" 
Hence taking the limiting values when Ax = 0, we obtain 

The different forms of functions, considered in the foregoing 
articles (14) to (21), comprise all the combinations of quantity 
that can be effected by the ordinary operations of Algebra, 
and they will therefore enable us to differentiate all algebraical 
functions, however complicated. We shall now apply them 
to a few examples. 

1. Let it be required to differentiate u = 3x + 2 a. 

Here, by (14) we must disregard the constant term 2 a, and 

d u 

by (15) we have — = 3 or du = 3 dx. 

2. Differentiate u = 

x 

This being written u = x - », we have by (17), 

dx x x 

3. Differentiate u = 2 x x + a a 3 — 3 a 2 x 2 . 
By (15) and (17), 

rte dor a.r ax 

= 2(4.r 3 ) +a(3* 2 ) -3a 2 (2*) 
= 8,r 3 + Zax 2 - 6a 2 x. 



2 

4. Differentiate u = 4x 2 . 
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Here g = 4 ^ = 4 (| »* ~ 1 ) = 6** = 6 v£ 

5. Differentiate « = (« + *) (5 + jf). 
By (14) and (19), 

rfw = (b + x)dx + (a + x) if x = (a + 6 + 2 *) tf.r 

or — = a + & -f 2 x. 
ax 

6. Differentiate u = (x - 2) 2 (x 2 + 3). 
By (18) and (19), 

du =(x 2 + Z) X 2(x- 2) cfo + (x — 2) 2 X2i(b 

= 2 (* - 2) (2* 2 - 2* + 3)cfcr. 

~ = 2(* -2) (2* 2 -2* + 3). 

7. Differentiate w = a m x n -f 
By* (15) and (17), 

— = a m (nx«- 1 ) + b n (mx*»- *) = na m x*- 1 +w3»,r«-». 

8. Differentiate « = (a -f x) (b + 2 x) (c -f 3.r). 
By (20) we have 

du = (b + 2x) (c + 3*) . rf* + (c -f 3a?) (a + x) . 2 <fo 

+ (a + ,r)(& + 2tf).3<*r 

da 

^= (b + 2x)(c+ 3*) + 2(c+ 3,r)(a + x) 

-f 3(« -f *>(& + 2x) 
= (3a5 + $c + 2ca) + (12a + 6 6 + 4 c)* + 18**, 

9. Differentiate w = a x . 

a — x 

By (21), 

fa _ (« ~ *) x - (« + ») x - d* 

(a-x) 2 
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(a — x) dx + (a + x) dx m 2adx 



(a — x) 2 (a — x) 2 

• _ 2a 
dx ~~ (a — x)* " 

1 0. Differentiate u = \f a ^ x , oru= ~ ^ . 

a — .r (a — #)* 

Here a*« = 

(a — g)* x j (a + g ) - * rfg — (g + j)» X - |( g - a)~ 4 rf* 

(«-*) 

• — ( g — *)* ( g + *) ~ * + (« + *)* ( fl — *') ~J 

rfjr 2 (a — x) 

— — + + #) _ a 

~~ 2 {a -x)(a — x)* (a + *)* ~~ (a~-x)V(a pxjk 



(a — x) V a 2 — ?** 

O -L *g 

Otherwise, by squaring, we have « 2 = and, by the 



last example, 2udu = 



2ac£r 



(a-*) 2 ' 

. g*tf_ « = a / a — x 
dx ~ u(a — x)* (a — j:) 2 V a -f # 



(a — j?) v a 2 ™— a? 8 



1 1. Differentiate u = V' «~ # 2 . 
Write w = (a 2 - <r 2 )* and by (17), (18), 

tfw = \ (a 2 — a.'-)-* x — 2xdx = 

12. Differentiate = ^ a- f 26* + 
Here « = (a 2 + 25 x + g 2 )i ; 

.'. tf« = i(a 2 + 26 t r + .r 2 )-4 x (2&cfc + 2*(ir) 

(5 + j 1 ) dx 

~ Va 2 + 26* -j-* 8 * 
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13. Differentiate u = ^ + = (fi+fl*. 
By (18) and (21) 

du = « 8 x 3 (g3 + ^£jto - (a 2 + x 3* 

_ g^ 2 ( * 2 + * 2 )* {^ 2 - (a 2 + j») } 
dx ~" j- 6 

_ 3«2 

Otherwise, writing the function in the form 
u =z (a* + ar^T,- 3> we 0Dtain by ( 19 j 

<fo = .r-3 x 3.r<£r (a 2 -f * 2 ;>» + (a 2 + .r 2 )^ x -3x 

= 3 dr (a 2 + x 2 )* {a: - a - or - < (a 2 + * 2 )} 

14. Differentiate w = 



a 2 — x 2 

_ (a 2 - J 2 )<k + . r 2 rf.r = a 2 <fo 

(a 2 - * 2 )* (a 2 - x 2 )* * 



15. Differentiate w = 



V a + x — */ a — x 



*/a + x+*/a — x 
Differential of the numerator 

= H a + x)~*dx -f £(<x - r) 
^ a -f «r + a — x 



2 a 2 _ 

B 
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Differential of the denominator 

= £ (a + x) ~ * dx — \ (a — jr)~$ dx 



V a + x — a — x 

Therefore by (21) we have 

(Vgj j + V a — aQ 2 + W~a + x — Va — x) 2 
1 ~~ 2 (V a + X + V a — x) 2 a* — x 2 

a dx a (a — ^ a 2 — x 2 ) 



( fl + V a 2 _ ^2) </a*-x* x 2 V? - * 2 

16. Differentiate w = — 0 • 

V « — # 



(for. 



Writing (« 2 — J? 2 r for \J a 2 — x 2 , we similarly have, by 
(21), 
flu = 

[d 1 -* 3 )* x ( - 8«-.r-4.r 3 )rf.r-(8 fl ^-4fl !! r-^)x -(qg-gg)-**<£r 

fl 2 _ Ja 

_ ~ ( a 2 .r 2 ) (3 g g .r 4- 4 x 3 ) -4- ( 8 a 4 - 4 a- x 2 - x 4 ) x ^ = Sx 6 dx ^ 

I/. If * =(«-*)(& + *); thcn di = a - b - 

18. If u = - + ? 4- p ; then - = - {-^-) • 

du a 3 + 3 bx + 5 .r 3 . 

19. If iz = (a 3 + &* + * 2 )V*; then^r = 

An 3 

20. Uu = (2 + x 2 )^i-x 2 ; then dx= ~ 

2x 2 — a 2 . s- , du 3fl 4 

21. Ifn=— ^3—^2 + ^5 then S = iW+T^ 
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i a 2 4- •r 2 )'* du 3 a 2 , 

22. If«- V ; then ^ = „ t— V a * + x*. 

x z dx x* 

23. Ifw = (3* 2 -2a 2 )(« 2 + .r 2 )*; 

then ^ = 1 5 ^3 V a 2 . ^ 4 
dx 

(22.) Expressions under the form of square roots arc of 
very frequent occurrence in analytical investigations, and their 
differentiation, according to art. (18), using £ for the exponent, 
suggests the following simple and expeditious rule : 

The differential of the square root of a function is found by 
taking half the differential of the function and dividing the 
same by the square root of the function. 

This useful rule may he practically applied by the student 
to Nos. 21, 12, 14, 16, 20, 21, of the preceding examples, and 
it will enable him at once to put down the final result in all 
ordinary cases of this kind. 

ii. Logarithmic and Exponential Functions. 

(23.) The logarithmic function u = log x depends upon the 
exponential relation a u = a lo s * = x. Thus if a lo & * = x, and 
a lo & y = y, we have, by multiplication, a lo s * + y = x y ; but 
a l0 & C*y) = x y, 

.-. log* + logy = log Cry), 

which is the fundsqpptal property of logarithms. 

The constant quantity a is indeterminate and may have any 
proposed value. It is called the base of the logarithmic 
system belonging to it, and, since a 1 = a, it is evidently the 
number whose logarithm in the same system is equal to unity. 

Since x = a u , we have x + Ax = a u + Au , and therefore 

Ax a u + * H — a u a* K -l 

— = = a u . 

Am Au Au 

In taking the limits of this equation we observe that the 
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limiting continuous value of the fraction ^ , which in 

Am 

common with — takes the form « when At* = 0, must be a 

AW U 

function of a and independent of Ak. Denoting this function 
by X a, we have 

a 9 i 

X a = limiting value of when 6 = 0 

6 

dx 

= a u \a = x\a. 

du 

xVgain, the equation x = a u gives x° = a u$ , 6 denoting any 
value whatever. Therefore 

x 9 -1 _ a»* - 1 a«'-l 

This equation is necessarily true for all values of 0. By 
proceeding to the limit 6 = 0, u $ = 0, the continuous values, 
from what precedes, obviously give 

X x = u X a ; 

, \x 
.'. w = log a? = - — • 
6 Xa 

The value of the function X x may readily be obtained in a 

series by putting — - — m the form i _ L 

Thus, by expanding according to the binomial theorem and 
putting 6 = 0 in the final result, we obtaki 

X x = ( # - l ) - 1 (x - I ) 2 + i ( X - 1 £ ( X - 1 ) 4 + & c . % 

so that the last expression for log x may be written 

. _ (j?-l)~|(^~l) 2 + i (.r - l) 3 - 1 fr- l) 4 + &c. 
g * ~ (a - 1) - * (a - I) 2 + | (a - 1)*-* (a - 1)« + &c* 

These equations apply generally to a system of logarithms 
having any value a for the base. According to Briggs's 
system, on which the logarithmic tables in common use have 
been calculated, the base a = 10, which greatly facilitates the 
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use of the tables in arithmetical calculations which involve 
decimal numbers. 

(24.) If the value of a be so assigned that X a == 1, we shall 
have logx = X.r, and log a=X« = 1. This value of a will 
simplify the analytical relations and give the Napierian system 
of logarithms, of which the value of a so determined is the 
base. Hence it follows that the function we have indicated 
by X characterizes the Napierian logarithm. To determine the 
particular value of a which will fulfil the proposed condition 
X a = 1, instead of using the series for X a take the initial form 
of this function, and we have 

limit of U 1 = 1, when 6 = 0 ; 
6 

i 

.-. a = limit of (1 + Q) e > when 6 = 0. 
By expanding according to the binomial theorem, we find 

- 1 



2.3 - - &C - 

f + 2 f 2.3 + * C * 

Now, when 6 passes from a small positive to a small negative 

value, the value of every term of this series will evidently vary 

continuously, and when 6 = 0 it gives the limiting value of 
i 

(i + ef 

4 . = 1+1 +^ + ^3 + 0T4 + &c ' 35 2 *7182818, &c. 

This arithmetical value, which forms the base of the Napierian 
logarithms, is usually denoted by the letter e, and sometimes 
by the Greek letter r, and these symbols always represent this 
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arithmetical value whenever they appear as roots of exponential 

functions. 

The Napierian system, from its greater algebraical simplicity 
and convenience, is also that which is generally employed in 
analytical investigations and formulae ; and therefore whenever 
a logarithmic expression occurs, the Napierian logarithm should 
always be understood unless the contrary is distinctly stated. 
We have thus, according to this system, the following rela- 
tions : 

X B I 

logx = limit of , when 6 = 0. 

6 

i 

e = limit of (1 + $)' = 2-7182818, &c. 

When u = log x, the expression for ~ (art. 23) also 

du 

becomes ^ = x, giving du = ~ ; but we shall otherwise 

- 

determine this differentiation in the next article. 
(25.) Differentiation of u = log x. 

When x becomes x + Ax, u becomes u + Au, and we have 
« + Ak = log (x + Ax); 

X ~\~ Ax f A.y \ 

.* . Au = log (x + Ax) — log x = log — - — = log I 1 H J 

Ax 

and, putting — = 6, we find 
x 



Au 
Ax 



In proceeding to the limit Au = 0, Ax = 0, B = 0, we 

i 

observe that the continuous limiting value of (1 + B) e = e and 
that log e = l. Hence 

du 1 _ , dx 
— = and du = — . 
dx x v x 
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Therefore the differential of the logarithm of a variable 
quantity is found by takiug the differential of the quantity and 
dividing by the quantity itself. 

The differential of a power, or of the product of several 
functions, may be readily deduced from this. Thus if u = x n , 

then log 11 = n log x, the differential of which gives — = n — ; 

~ = n- =na? n - 1 , the same as in art. (17). Again, if 
dx x 

u = P X Q x R, &c, then log u = log P + log Q + log R + 

. , du dV dQ dR . . 

&c, and — = -p + -q + -g- + &c., which gives 

_ (dV efQ dR 

\W + "q ^ IT 

™t> q /rfP dQ dR 0 \ 
= PQR,&c.^ T + + _ + &C .J 

which is equivalent to the formula of art. (20). 
(26.) Differentiation of w = a*. 
When x becomes x Ax we have u + Au = a* + ; 



= a* 



AJ7 /\.r Aj? 

But (art. 24) the limiting value of the vanishing fraction 

, which is of the form ,. is log a ; therefore 

Ax 6 

~ = log a . a* or du = log a . a* dx. 
dx 

Thus the differential of an exponential quantity having an 
invariable root is found by multiplying together the logarithm 
of the root, the exponential itself, and the differential of its 
exponent. 

Hence, when a = e, or u = e*, we have, since log e = 1, 
du 

~r = e x , or du = e * dx ; 
dx 
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that is, the differential of an exponential quantity having for its 
root the Napierian base e is found by multiplying it by the 
differential of the exponent. 

(27.) Differentiation of u = V% P and Q being functions 
of x. 

Since u = PQ, we have log w = Q log P, the differential of 
which gives d (log u) = (log P) rfQ -f Q<* (log P) ; that is, by 

(25) , 

^=(log P)rfQ + Q^; 

.\ du=z(\ogV)udQ + Qu~ 

= (log P) PQrfQ + QPQ-^P. 

Hence the differential of an exponential quantity when the 
root and exponent are both variable is found by adding together 
the differentials obtained by considering each separately as 
constant and the other variable. 

For example, let u «r r2 . By considering the root x to be 
constant and the exponent a 2 to be variable, we obtain by 

(26) the differential (logo:) x*' X 2 xdx = 2 x* 2 + 1 dx (log x). 
Again, by considering the exponent x* to be constant and the 
root x to be variable, we obtain by (17) the differential 
jr 2 . x*'~ l dx = ,r* s+1 dx. Heuce, adding these, we find 

du = x*' + *dx (2 log x + 1) <*^- = ** 2 + i (2 1og* + 1). 

The following examples are added as exercises : 

du 

1 . If u = x m e* ; then — ss x m ~ l (m -f x) e*. 

m 

2. Iftt = (.r 2 -2.r + 2)e*; (hcn*!s*»e«. 

dx 

3. If « = (i 8 -3x 2 + 6x- 6)e*; then ~ = ** e '. 

dx 

e* du xe* 

4. If m = — - — ; then — = 



1 +*' dx (1 + x)> 
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5. If u = e* logo? ; then ^ = e* Q -f loga^. 

C. If w = e ro *log;r; then ^ = e w *Q + rologx^ 

. w*w 1 + a? + x 2 

7. If « = e* then ^ = ^ , 



in. Trigonometrical Functions. 

(28.) The trigonometrical functions sin x, cos tan x, &c. 
are usually considered as abstract arithmetical quantities 
having reference to a circle whose radius is unity ; or, which 
is in effect the same, they are supposed to be expressed in 
parts of the radius, the arithmetical value of the variable x 
being supposed to represent the length of the arc measured on 
a circle whose radius is unity or otherwise expressed in parts 
of the radius of the circle. Other forms result from the 
various combinations of these elementary functions, and as 
they all involve relations between arcs of circles and their 
coordinates they are sometimes called " circular functions." 

1 . Differentiation of u = sin x. 

When x becomes x + Ax, then u + Aw. = sin (x + Ax), and 

Aw = sin (x + A.r) — sin x 
= sin {(x + %Ax) + ^Ax\ 

— sin {(x -f \ Ax) — -} A.r} 
= *2 cos (x + ± Ax) sin | Ax 
= cos (x + i Aa?) eh Ax ; 

Aw ch Ax 

.*. — = cos (x -f f Ax) — 

Ax J Ax 

Now, when Aw and Ax become infinitesimals, or when we 
suppose Ax = 0 with the view of seeking the limit of this 

equation, the fraction — ~ becomes a vanishing fraction, and 

Ax 
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therefore it will first be requisite to ascertain its limiting 
value. Let ch Ax be considered to be the side of a regular 
polygon of n sides inscribed within the circle, and we shall 
obviously have 

ch Ax n ch Lx _ perimeter of polygon 
Ax ™ nAx "~ periphery of circle 

If the number of sides of the polygon be supposed to be 
indefinitely increased, so will Ax become indefinitely diminished, 
and the perimeter of the polygon will evidently, approximate 
more and more nearly to the circumference of the circle as 
its extreme limit, so that the numerator of the fraction 

perimeter of polygon ^ uUimatel become { to thc de _ 
periphery ot circle 

nominator: and thus the limiting value of C ^ A x is cn ^ 

° Ax dx 

= unity. Therefore by supposing Ax = 0 and taking the 

limit of the preceding value of — we obtain the ultimate 

Ax 

differential relation 

du z=. cos x, or du = dx cos x. 



dx 



s 1 Q 

Cor. The limiting value of — — = 1, when 6 vanishes. 

8 

For 52li = * ch2d = which is of the same form as 

6 $ 26 

c !^-, and therefore expresses the same ratio in the limit. 
Ax 

2. Differentiation of u = cos x. 
Here Au = cos (x + Ax) — cos x 

— cos {(x -f \Ax) + %Ax} 

— cos {(x + \Ax) — %Ax} 
= — 2 sin (x + -J- Ax) sin £ Ax 
= — sin (x -f f Ax) ch Ar ; 

Aw • / , i v ch A* 

■•■ - = -«n(* + i*0-£T- 
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Hence, taking the limit as before, 
dx 

Otherwise, since u = C03 x = sin (\ir — x) 9 we have 
dw= d(%ir — x) cos gff-i) 

= — dx cos 7r — x) = — cfcr sin x. 

3. Differentiation of u = tan j\ 

* 

sin j? 

Since « = tan x = , we have, by (21), 

COS X 

cos x rfsin .r — sin x rfcos a? 

cfa = — o 

cos^ x 

cos x (dx cos 3?) — sin x ( — <fa sin x ) 

cos 2 a? 



cfa (cos 2 x + sin 2 a?) <£r _ 



- cfo sec" j*. 

cos 54 # COS * 



t. Differentiation of w = cot x. 

COS J? 

Here w = cot x — — — > an( i 

sin .r 

sin x d cos # — cos x d sin x 

du = — — : — s 

sin^ x 

sin x (—dx sin x) — cos # (<fo cos >r) 

sin 2 * 

_ cfo (sin 2 * 4- cos 2 x) 
sin 2 j? 

dx , o 

— _ - = — dx cosec 2 *. 

sin* a? 

Otherwise, since K = COt*=r— , we have, according to 

tana? 

sxample 2, page 22, and the preceding, 

_ _ gang ife sec 2 * = ^ dx = _ ^ CQSec2 
tan 2 * * tan 2 * sm 2 * 



Digitized by Google 



3(1 



THE DIFFERENTIAL, CALCULUS. 



Or this differentiation may be obtained from that of tan x 
by putting u = cot x = tan w — x) ; thus we have 

tfu = — x) sec 2 (|tt — a-) as — dx sec 2 (irr — x) 

= — afr cosec 2 .r. 

o. Differentiation of « = sec j\ 

Since u = sec * = — ^— , we have 

cos* 

rfcosj: dxsinx 

du = 5— = o — = dx tan x sec r. 

cos* x cos- x 

6. Differentiation of u = cosec*. 

Here u = cosec* = -4—, and 

sin* 

rf sin a? (7* cos x 

du= — — = — — = — dx cot x cosec x. 

sin-x sin- a: 



Otherwise, since u = cosec* = sec (\n — x) t we have, by 
the preceding, 

du~d (\ir — *) tan (\ir — *) sec (\- 7T~x) — —dx cot x cosec x. 

(29.) The differentiation of other more complicated trigono- 
metrical functions may be easily deduced from the elementary 
differentials here obtained, because all such functions must 
evidently result from certain combinations of these with 
algebraic functions. As it may therefore be useful to re- 
member the results of the preceding trigonometrical differenti- 
ations, it will be convenient to collect them together as follows : 

d cos x = — dx sin x 

d cot x — — dx cosec 2 x 

d cosec x = — dx cot x cosec x. 



ds'm x = dx cosx 
rftan* = dx sec 2 x 
d sec x = dx tan x sec x 



They are thus arranged in two columns because the differentials 
in the second column are respectively analogous to those in 
the first column, only using the complementary angle or 
substituting \ ir — x in place of x ; and, this analogy being 
once recognized, a remembrance of the three differentials in 
the first column will be sufficient to suggest the others. 
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Examples for exercise : 

1 . If u = cos x + x sin x ; then — = x cos j% 

dx 

2. If u = cos m .r sin* x ; 

du 

then — = cos™- 1 x sin"- 1 ^ (n cos 2 x — m sin 2 a). 



3. 


Ifti = 


. (I It 

(2 + cos 2 x) sin # ; then = 3 cos 3 x. 

dx 




4. 


If« = 


2xsmx -f (2 — ar 2 )cosjr; thcn~= 4 r 2 

ax 


sin u\ 


5. 


If « = 


(2 + 3 cos 2 x) sin 3 x; then ^ = 15 cos 3 x sin 2 j-. 

dx 


6\ 


If tr = 


3 a: — 3 tan x + tan 3 a- ; then ~ = 3 tan 4 .r. 

dx 


7. 


Ifw = 


du 

2 cos .r 4- 2 x sin ,r — x 2 cos x ; then — — 

dx 


x 2 sin x. 


8. 


Ifw = 


3 x — cos x (3 sin a? -f- 2 sin 3 x) ; then — = 

dx 


8 sin 4 t r. 


9. 


If v = 


e* (cos x -f sin x) ; then — = 2 c* cos j\ 





iv. Inverse Functions. 

(30.) If x =f u, a function of u, the reverse relation which 
indicates the corresponding value of u as depending upon that 
of x is called an inverse function, and is usually written 
u=/~ l x. Thus if * = sin w, then u = s\i\- l x, and this 
inverse trigonometrical function therefore symbolically ex- 
presses the circular arc whose sine is x. Similarly w = log~~ 1 l r 
expresses the number whose Napierian logarithm is equal to x. 
The differentiation of an inverse function follows immediately 
from that of the direct function. For, taking u -=f- l x, we 
have x =>fu, the differential of which gives dx = du/'u, 

. rfw_J__ I 

' ' dx-fu-f>(f-*T) 
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We shall here in this way determine the differentials of the 
ordinary inverse functions in their simplest form. 

1. Differentiation of u = log- 'jr. 

% Since x = log u, we have hy (25) dx = ^ ; 

... ^ = „ = log->*, or * = «fe log-,. 

2. Differentiation of a = sin -1 x. 

Since x = sin w, we have by (29) dx = du cos « ; 

(fw 1 1 . dx 

' — = = ——_:=:, OrC?W = 



cte " " cos u " Vl — a- 2 ' Vi — a* 2 

3. Differentiation of w = cos -1 *. 

Since x = cos u, we have (fx = — du sin « ; 

du 1 1 _ (fx 

or du = — -> 



' * <J*~ sin H " VT^ 2 ' ~~ a/1 - x 2 

4. Differentiation of u = tan _1 x. 

Since x = tan u, we have (fx = du sec 2 a ; 

(fw 1 1 dx 

5. Differentiation of « = cot^x. 

Since x = cot t/, we have dx = — du cosec 2 u ; 



du 1 1 , (fx 

or cw = — 



dx cosec'-' « 1 -+- x 2 ' 1 H- x 5 

6. Differentiation of u = sec -1 *. 

Since x = sec u, we have dx = (fa tan w sec u ; 

du I 1 . dx 

— = = — 7===, or du = 



(fx tan u sec « # >/x 2 — 1 x ^x 2 " — 1 

7. Differentiation of w = co^ec _1 x. 

Since x = cosec we have dx = — du cot w cosec u ; 

du 1 1 



dx cot u cosec m x Vx 2 — 1 

(fx 



or (fw = 



S vV 2 -l' 
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Here the differentials of cos -1 *, cot -1 *, cosec -1 * are 
respectively the same as the differentials of sin- 1 *, tan -1 *, 
sec"" 1 * only with the negative sign; and this should evidently 
be the case, because = cos- 1 * + sin -1 * = cot -1 * -f 
tan -1 * = cosec ~ ! * + sec -1 *. 

Examples for exercise : 

, 1. If w = Or* -2* + 2) log" 1 *; then ^ = *2 fog" 1 *. 

_ log -1 * Al du x\0<r~ l X 

2. If u= then — = " . 

1 + x ax (1 + *)" 

3. If u = log* log" 1 *; then ^ = ^l 0 g* + i^log- 1 *. 

4. If u = an -1 * + - ; then — 



*' dx '* 2 (1 4- * 2 )' 

cfa 1 -f * tan ~ 1 * 



5. If u = tan" 1 * \/l -f * 2 ; then 7- = 



6. If w = * — \/l — # 3 sin" 1 *; then j- = 



c?m *sin _1 * 



dx y/i _ ^ 



7. K«=(2* 2 — ^sin- 1 *^* Vl -* 2 ; 

then ^ = 4 * sin - 1 *. 
d* 



8. If« = * 2 -f (sin- 1 *) 3 -2sin- 1 *.* VI -* 2 ; 
then ~ 4* 8 sin- 1 * 



rf* _ x \ 



v. Compound Functions. 

(31.) If in a function w = /* the variable * is Replaced by 
another function <£*, the expression «=/($*), which then 
becomes a function of a function, is called a compound function 
of*. 

Let y = <£*, so that w = /y, and let Aw, A*, Ay denote 

■ 
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corresponding increments of u, x, y ; then, as the equation 

Am Am Ay 
Ax Ay Ax 

essentially represents an identity, and is therefore true for all 
values of the increments, however small, it must evidently be 
true when we proceed to the limit or suppose the increments 
to vanish and take the continuous values of the respective 
fractions. Hence 

du du dy ^ du dy ^ 

dx" ' dy dx dy dx 

du dy , . 

where y« -jg are the differential coefficients of the functions 

u = fy, and y = <j)X. That is, according to the usual notation 
of derived functions, 

or du z=f($x) <j>'x.dx. 

Similarly, if y = </> x, z = yfr y, u =/z, so that the function u is 
of the more complicated form u = f {yfr ((/)x)} , or the function 
of a function of a function, it may be shown that 

du du dz dy _ du dz dy , 
-—=-.— .—, or du = — . — • -y- . dx ; 
dx dz dy dx dz dy dx 

and these, according to the notation of derived functions, would 
be written 

J =fz . Vy . fx =/ (f y) 4>'* . 

= f {*<**)W(**)*'* 

l 

or du = f {^OM}^'^*) 4f*J** 

In the same way the formulae may be extended to any 
number of superposed functions, and it is obvious that they 
all depend upon the following simple principle : 
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The differential of a function of any variable quantity what- 
ever is equal to the differential coefficient of the function, with 
respect to that variable quantity, multiplied by the differential 
of the variable quantity. 

Thus if, as before, u =/{ ^ by successively apply- 

ing this principle, we have 

=/'{+(**)} x f<+*) x 

= x x x dx - 

The following examples will practically show the mode of 
proceeding here indicated : 

1 . Differentiate u = log sin x. 
By (25) and (29) we have 

e/sin.r riff COS* 

du = = — : = dx cot X . 

sin* sin or 

a -f «r 

2. Differentiate w = log 7— — 

B y ( 21 >>* {f+v (m^ 

(a — 6) jg 
= (ft + x) 2 ' 

Therefore by (25) we have 

+ ft + * 

_ _ (g - b) dx b + x = _ (a-b) dx 
— (5 + ^2 X a + x (a + (ft + *)* 

Otherwise, since m = log (« + x) - log (ft + *). we have 
by (25), 



_ (fa _ _ _ (q - ft) jk 

ft + *~ (a + *)(ft + ^r) 

3. Differentiate u = e ein * sec 
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Here du = secxd (e*™*) + e si **d&ecx, by (19), 

= sec xe a[ **dsm x + <?" n *d5ecr, by (26), 

= secxe™* .dxcosx + e sia 'dxt&nx seer, by (29), 

= e sin *(l -f- tana? sec x) dx. 

4. Differentiate u = log ( a 7 a 2 -f a- 2 -f a-). 

By (22),dWa* + x* + x)=: -7=j=i + dx 

V a- + a: 2 



( Va 2 -f ,r 2 + ^ 



Therefore by (25) we have 

dWa*+ x * + x) dx 



du = 



5. Differentiate w = log tan e~*. 
Here <fo = (log tan e~*) 

d(tan<?-*) . /(W 

d (<?-*) sec 2 e-* , 
= tan,- > * < 29 >> 

= tan* 

tan e~* ' 

~ — dx e~* (tan e-* -f cot . 

6. If ti = j: m e 8in * ; then ^- = a? 111 - 1 (w + a? cos a?) e* n *. 

7. If « = 2 log sin * + eosec 2 *; then — = — 2cot 3 j\ 

dx 

u 

8. Iftt = e 8in then — = r • 

9. If« = I og (I+iY then^==~-£±2 . 

°\,r *V <fcr .r(x-fl) 
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10. If«=(* 2 -a 2 )log^-? + 2ax; 

a — x 



then — - = 2 x log 



11. Iftf = log(l + 2x + 2Vl+z + J 2 ); 



then ^ = 



9 r //»/ 9 

12. If u = tan- 1 -; o ; then = 



1 - x°~ ' <b 1 + * 2 

13. If sin- 1 t~==; then ^ = — — 2 . 

v 1 dx I + x 2 



%A 1 £-J-acos.r du _ a~ — b~ 

14. If t/ = cos ~ 1 — ; then- — r • 

a + 6cos* rfr a + bcosx 

15. Km = sin" 1 (3* — 4 j? 3 ); then = VfZT^ ' 

, - M . _i _ du I + x + x 2 t>1 -i„ 

16. If t/=r then 3-=— 5 — e ton 

cur 1 

17. If u = tan- 1 sin- 1 x; 

du 1 
then — = 



dx {1 + (sin- 1 *) 2 } 



vi. Implicit Functions. 

(32.) The functions hitherto considered are supposed to be 
explicitly expressed in terras of the variable quantity involved, 
and upon which its value is made to depend. But a function 
Vr may have its value depending upon that of the variable x, 
though not expressed in any definite form, algebraical or other- 
wise, and perhaps not capable of being so expressed in finite 
terms. In fact, the relation which connects together the cor- 
responding values of u and x may be presented in the form of 
an equation, /(w, x) = 0, / characterizing any function what- 
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ever of w and x. The function w is in such cases called an 
implicit function of the variable quantity x. If the equation 
f (w, x) = 0 could be solved for w in finite terms involving x, 
the function w would then be exhibited as an explicit function 
of x ; but, as before observed, this may or may not be possible. 
A little consideration, however, will show that the differential of 
u with respect to x may be more directly obtained by taking 
the differential of the proposed equation in its original form. 

When x becomes x + Ax, u becomes « + Aw, and as the 
equation / (w, x) = 0 must be true for all coexistent values of 
u and x, we have /(« + Aw, x + Ax) = 0, and 

/(w + Au, x + Ax) — /(w, x) = 0, or A/(w, x) = 0 ; 

. A/(w, x) 
. . — v. 

Ax 

This relation will be accurately true for all values of Ax, 
and at the limit Ax = 0 it gives 

^^ = 0, orrf/(w,*) = 0, 

which is the differential of the proposed functional equation, 
observing that u and x vary simultaneously, w being a function 
of .r. This differential equation will be of the form P du 
+ Q dx = 0, and it will therefore give the value of the limiting 

ratio ~, or of the differential coefficient of u with respect to x, 

the same being expressed in terms of w and x. 
Example 1 . — Differentiate the function w when 

w* - 2 u v'c'M? + ** = 0. 

By differentiating the equation, we have 

- 1 mm 2 ux dx 

2udu — 2Va*+x l du - - + 2xdx= 0, 

v -f x% 

or 2(« - \/a^Tx T ) du - 2( * ~ + **> grir = 0; 

efw x 



dx VV-fx- 
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In this example the equation « 2 - 2 u Va 3 + j>* + * 2 = () 
involves u in a quadratic, and may therefore be algebraically 
solved for n, giving u = So* + * 2 ± a, which is the explicit 
form of the function tf, and its differentiation will also lead to 
the result we have just obtained. 

Example 2.— Differentiate u when it 8 — 3 ux° 4- 2 x* = 0. 
The differential of the equation gives 

3u*du - 3x 2 du — 6uxdx + 6x 2 dx = 0, 
or 3 (« s - x°) du - 6 («* - or 2 ) cfc = 0 ; 

rfii 6 (ux — a' 3 ) 2.r 
</7 = 3 (w 2 - * 2 ) + 
Example 3.— Differentiate u when a: sin u - u sin .r = 1 . 
15y differentiating the equation, we have 

dxsiwu + xducosu — du sin x — udx cos x = 0, 
or (.r cosw — sin*) du — (ucosx — sin?/) dx = 0 ; 
e?w w cos a? — sin u 



dx x cos w — sin x 



du x 2 — au 

4. If a* - 3aux + ^ 3 = 0; then - = - ^- 



du_ sin m — « cos x 

5. If W sm*-.rsin« + l=0; then - - ^ _ 

6. If x° + m 3 - 2« ^ 2 - « 2 = 0 ; 

then — = , / o if* 

7. If «» log. - ax = 0 i then g = - „_ 1(1 + B | og H) - 

8. If *e« - « + 1 = 0 ; then — = — - 

9. H«# -(« + «) V*» — = 0j 

. rf« « (g + *)$*—•*) 
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10. if log " + VflT3 ^ - * + ^! a8t 



, du « 
then ~= - 



dx +/a 2 — u* 

vn. Functions of Two or more Variables. 

(33.) Let u = f(x, y) deuote a function of two variables 
x and y. 

If instead of x and y varying simultaneously, x be supposed 
to vary alone without any change in the value of y, then y will 
be treated as the symbol of a constant quantity, and u being 
then considered as a function of x only, its differential or 
differential coefficient will be determined by the foregoing 
methods for functions of one variable. The value so deter- 
mined, however, as it is made to depend upon a change in the 
value of x without any supposed change in the value of y, will 
be only partial, and will not refer to a consideration of the 
total change of w. In order to distinguish this, the differential 

coefficient is usually placed within a parenthesis ; thus 

denotes the partial differential coefficient, and dx the 

partial differential of u with respect to x, that is, supposing x 
alone to change. Similarly, if y alone be supposed to vary 

and x to be invariable, will denote the partial differen- 

/du\ 

tial coefficient, and y^J dy the partial differential of u with 

respect to y. These partial differentiations, as before observed, 
may be effected by the preceding methods for functions of a 
single variable ; first regarding u as a function of only one 
variable x, and again as a function of only one variable y. 

The supposition of x or y varying separately, so as to 
partialiv differentiate the function w, is here to be received as 
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a mere conventional hypothesis assumed for the purpose of 
more distinctly defining certain abstract analytical operations, 
to be applied hereafter. 

Returning now to the proposed function u = fix,y), when 
x and y respectively become x + Ax, y -f Ay, it becomes 

u + Au =f(x + Ax, y -f- Ay) ; 

that Aw = f(x + Ax, y + Ay) — y) , which denotes the 
otal increment of u, or the combined effect produced on the 
alue of the function by the two increments Ax, Ay. Instead 
of conceiving the \alues of x and y to change simultaneously, 
we may suppose them to change successively, as the result will 
be the same in both cases. 

Thus, supposing x to become x + Ax and the value of y to 
remain unchanged, the function fix, y) will become 

f{x -f Ax, y) ; 

and again, supposing, in this last function, y to become y -f Ay 
and x to remain unchanged, it will become f(x + Ax, y + Ay), 
which is the complete value of u consequent on the changes in 
the values of x and y. The function u instead of passing at 
once to this last value is made to assume the three values 
f(x, y), fix + Ax, y), f(x + Ax, y -f Ay), and the partial in- 
crements of u in successively passing to these values are, 

fix + Ax, y) -fix, y) 

= Af(x t y) with respect to x; 

f{x + Ax, y + Ay) — fix + Ax, y) 

= Afix + Ax, y) with respect to y : 

the sum of which gives fix-\- Ax, y -f Ay) — fix, y) = Am, 
the total increment of u. 

Au Af(x t y) with respect to x 

AX AX 

+ A*, y) with respect to y CM 
• »~ • — — — — — • — . 

Ay A.r 
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Hence, taking the limiting values when Ax = 0, Ay = 0, we 
obtain 



The differential of a function of two variables is therefore 
found by taking the sum of the partial differentials. 

(34.) Again, let u =/ (x, y, z) be a function involving three 
variables x, y, and z ; then 

Au =/(x + Ax, y -f Ay, z -f Az) — /(x, y, *). 

But, instead of considering the values of x, y, z to chaugc 
simultaneously, we may, as before, suppose them to change 
successively. In this way the function v, instead of passing at 
once to the new value f(x + Ax, y -f Ay, z -f Az), will be made 
to assume the four values /(x, y, z),f(x + Ax, y, r), 

/(x 4- A*, y + Ay, *),/(x + Ax, y + Ay, z + Az), 

and the partial increments of u in successively passing to these 
values will be • 

/(x + Ax, y, *) — /(x, y, 2) 

= A/ (X, y, r) with respect to x; 

r 

f(x + Ax, y + Ay, r) — /(x + Ax, y, z) 



f(x -f Ax, y + Ay, r + Aj) — /(x -f Ax, y + Ay, r) 
= A/(x -f- Ax, y + Ay, z) with respect to z : 
ihe sum of which gives 

f{x + Ax, y + Ay, r -f Az) — /(x, y, j) = Au, 
the total increment of w. 





= A/(x + Ax, y, r) with respect to y ; 
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&f(x + A y, r) with respect to y Ay 

i • — 

Ay a* 

A/ Qr -f A,r, y -f Ay, z) with respect to ?■ az 
• ■ • — • 

AJ A.r 

Hence, proceeding to the limiting values when Ax = 0, Ay = 0 ; 
A* = 0, we have 

du /du\dy /du\dz 

dx ~~ \dx) + \d^)di 4 \fo)di ; 

•••*-(£)* + (S)* 

The differential of a function of three variables is therefore 
obtained by taking the sum of the partial differentials ; and 
this principle evidently extends to functions of any number of 
variables. 

Example 1. — If w = tflogy ; then supposing x only to vary 
we have 

(S) = l0gy ; and su PP osin S y om > t0 vw 7' (J) = y" ; 

.-. du = (i°gy) + ^-^ <fy-« 

Example 2. — If w = ,r 3 -f3ff;ry + y 3 ; 

then (£) = 3 ( * 2 4 ay)i (£) =r3 (y j +■ 

.\ tfw = 3 (* 8 + ay) c£r 4- 3 (y 2 + ai) <fy. 

Example 3. — If w = ^ ~ y 

x -^y 

/du\ 2y /rtV\ - 2.1 

then W=(TT^- U^ ss " (^V)" 85 

• I?tf - 2 (y rfj - jrf y) 
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4. Ifu = * + y + V**+y 2 ; 

* = 0 + + 0 + vrf+?) rfy - 

5. If u = ; then du = (y .rtf" 1 ) cir + log *) tfy. 

6. If w = j-y va 2 + y 2 i 

. . (2j 2 + y 2 )y6*r + (* 2 + 2y 2 )g(/y 

thenrfM = vFTF 



7. If tt = 5_- ; then du = ^+7 (mydx — nxdy). 



* 

— ; then du = - 

y n y 

8. If « = cosjsiny 4- sinj?eosy ; 

then du = (dfc + dy) (cos x cos y — sin x sin y). 

9. If tt = *V a 2 + y 2 -f-y^ 2 — * 2 ; then 

10. If m = xyz; then du = y z dx + zxdy + xy dz. 

11. Iftt = j:y +ys + ;?.r; 

then rfw = (y + z)dx + {z + x) dy + (x + y)dz. 

xyz 

(y 2 + * 2 ) J + (* 2 + * 2 ) * + (* 2 + y 2 ) j 

then du — 7 2 2 

.ry v* 8 + y 2 + * 2 

13. If t/ = y — ; 

(2 — 
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CHAPTER III. 

SUCCESSIVE DIFFERENTIATION. 

i. Functions of One Variable. 

(35.) By differentiating a function u —fx, of a variable 
quantity x, it has been shown that the differential coefficient 

— will be another function fx, and the methods of deter- 
dx 

mining it have been established in the last Chapter. By 
similarly differentiating this new function fx so as to obtain 
its differential coefficient denoted by fx, this is called the 
second differential coefficient of the original function fx. In 
like manner if we differentiate f"x, its differential coefficient 
f"'x is called the third differential coefficient of the function 
f x ; and, provided the variable quantity x does not disappear 
from these functions, this operation may evidently be repeated 
to any order of differentiation. This continued process is 
called successive differentiation, and it is indicated by the 
following relations : 




which may also be thus expressed, 

du _„ d du ..... d d du „ 
fx = /"* = -— , fx = &c. 
* dx dxdx ax ax ax 

According to Lagrange, fx is the primitive function, and 
fx* f'x, f" r x, &c, thus determined, are respectively called 
the first, second, third, &c. derived functions. — See art. (11). 
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Although in the original idea of differentiation as founded 
on the theory of limits, a differential can have only a relative 
signification, yet, when separately considered as an infini- 
tesimal change of the variable, it may in analytical calculations 
be regarded and operated upon as an indeterminate quantity, 
the value of which is only appreciable when it is compared 
with other quantities of the same order or kind. 

du 

Thus the differentiation fx = ^- merely defines the value 

of the ultimate ratio of two infinitesimal elements du and dx, 
and, in other respects, we are at liberty to assign any law 
whatever to the separate values of these elements as depending 
upon x. We might suppose the values of du and dx to be 
each of them different for different values of x, so as to change 
when x changes. It will, however, conveniently simplify our 
notation if x be tr.ken as an independent variable ; that is, if 
we suppose the infinitesimal increment dx to have the same 
fixed value for all values of x, so as to admit of being treated 
as a constant. In this case x is tacitly supposed to increase 
by equal infinitesimal increments dx, and dx is thus independent 
of the value of x ; but the value of du = dx fx will evidently 
depend upon that of x and be different for different values of 
x. Hence the reason why x is in such case specially called 
the independent variable ; also as the invariable element dx is 
to be regarded as a constant in each differentiation, the fore- 
going relations obviously become 

Or, in accordance with the general index law, these are more 
conveniently written 



And thus the symbols ~, 1-?, &c. represent the first, 

ax ax (• x 
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second, third, &c. differential coefficients of u with respect to 
x ; or separately considering the numerators and denominators, 
du, d 2 u, d 3 u, &c. denote the first, second, third, &c. dif- 
ferentials of u supposing dx to be constant, and dx, dx 2 , dx z , 
&c. as before, indicate dx, (dx) 2 , (dx) 3 , &c. dV powers of dx. 

du 

Example 1. Let u = x n ; then — — nx n ~ l , 

dx 

d u d u 

_ = n (n - 1) x«-*, — =n(n-\)(n~2) &c, 

|^=:n(n-l)(w-2)(»-3) 1 == 1.2.3 .... ft. 

Ex. 2. Let u = e* ; then by (26), 

du m d 2 u M d"u v 

dx dx 2 dx n 

du I' \ 

Ex. 3. Let u = cos x ; then — = — sin x = cos y x + -J, 



( M 
— cos fa- -f — y 

= sin .r = cos yx + ~^-j> &c. 



— = = — cos a' 
dx 2 

d*u 

dx 3 



d n u / , «tt\ 

_ = cos (* + 

JSfc. 4. Let w = e'cosar ; then 

= e*cos,r — e*sin,r = (cos a: — sin*) 

dx 

= \/2e*cos (* + |) 
g? = V2 e« { cos (* + |) - sin + 

= ( V2) 2 e* cos (* + ^p) 
&c. &c. 

S.(^«(.+?> 
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Ex. 5. Ifu = * 3 + ax* + bx + c; then ^=1.2.3. 

dx* 

Ex. 6. If u = sin*; then J? = sin + 



j£r. 7. If«= e"»* ; then £!i = 

dx n 

Ex. 8. If m = x e* ; then ^ = (* + ») <?*. 

9. If w = e* sin ,r ; 

thCn £ = ( ^2) tte * sin (* + t} 
Ex. 10. If« = !+-*; 



1 — (1 — *) 



ii. Changing of the Independent Variable. 

(36.) When an expression involving two variables a?, y and 
the successive differential coefficients has been arrived at on 
the supposition that one of the variables is independent, it is 
sometimes required to transform it into its equivalent when 
the other variable is independent. This process is called 
changing the independent variable, and it is accomplished by 
replacing the second and higher differential coefficients by 
their complete values supposing no independent variable to be 
assumed, and afterwards introducing whatever new condition 
may be necessary. 

Thus if ^-V, &c. have been calculated with respect to 
dx" dx* 

x as an independent variable, to replace these coefficients by 
the general values when x is not independent, and therefore dx 
not constant, we shall have, art. (21), 




dx 2 dx dx* 
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dry \dx~ / 
JfrS - dx 

(d*y dx — d s x dy) dx — 3 (d 2 y dx — d z x dy) d*x 

&c. &c. &c. 

By substituting these values in place of &c. we shall 

dx* dx 6 

obtain the corresponding expression when neither x nor y is 
supposed to be an independent variable. If y is required to 
be an independent variable in the new expression, we must 
make d?y = 0, d s y = 0, &c, in which case the equivalents 
will be 

d 2 y d' 2 x dy 
dx 2 ~~ dx * 

d z y 3 (d 2 x ) 2 dy — d s x dy dx 
dx^ = dx~ b ' 

&c. &c. 

by the substitution of which the independent variable will be 
at once changed from x to y. 

in. Functions of Two or more Variables. 

(37.) In art. (33) it has been shown that the total dif- 
ferential of a function of two variables is obtained by taking 
the sum of the partial differentials, supposing each of them to 
vary alone. That is, if u = f(x, y), we have 

*-(*)*♦(*)* 

As the partial differential coefficients ^-^> vSl) 876 a ^ so ^ unc " 

tions of the two variables x, y, it is evident that the value of du 
will admit of being differentiated again in a similar manner so 
as to obtain e? 3 w, and that this operation may be repeated up to 
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any required order of differentiation. To exhibit the results 
of these processes it will be requisite to extend our notation. 

When a function u is successively differentiated with respect 
to x, considered as an independent variable, the results, 
according to the notation of art. (35), are thus indicated, 

(£> (£)• (S> - *• 

The same with respect to y are 

d> @> ®> - *. 

the brackets indicating, as in art. (33), that the derived func- 
tions are only partial. 

But we may differentiate, in succession, sometimes with 
respect to one variable and sometimes another, in which cases 
the notation usually adopted is as follows : 

s£(t)*™»(A> 

&c. &c. 

where the numerator shows how many differentiations have 
been taken, and the denominator shows the variables employed 
in the reverse order of the operations. We proceed to show 
that the resulting values of these successive partial derived 
functions are independent of the order in which the variables 
are supposed to change. 

The operation of differentiating a function <j>(x) is defined 
by the relation 

dx dx ^ * dx 

By applying this to the function u=f(x, y) 9 first with 
respect to x and then with respect to y, we have 
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/du\ _ f(x + <fo,y) — /(g,y )^ 

/*\ _ /foy + -/fey) , 
U/ <?y 

and by again applying the same principle to these functions, 
we get 

rfy \dx) " 

/(j + <fo,y + dy) —f(x,y + dy) -f(x + dr, y ) +f(x,y ) 

dxdy 

dx \dy) ~~ 

fjx + dx,y -f <fy) — /(g 4- <fo,y) — /fay 4- cfy ) +/Cr,y) ( 

c£r rfy 

Hence, as these expressions are alike, we have 

d / du\ d / JtA 
dy \dxj Vrfy/ 1 

that is, 

\dydx) ~~ \dxdy)' 

This property is true when w is a function of any number of 
variables, because when # and y alone vary, the other variables 
only enter in the same manner as constants, and as regards the 
operations performed, u may therefore be considered as a 
function of only two variables. Hence it follows that in 
calculating partial differential coefficients we may always 
interchange at pleasure the order in which the several dif- 
ferentiations are performed, without altering the results. 
Thus when u=f(x, y), we have also 

/ d*u \ _ / d*u \ ( d*u \ / d*u \ 
\dy dx*)" \HP dy)' \dy* dx) ~ \dx dy *) ; 

and generally, when u is a function of two variables, 

c5 
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\dy 8 dx r )~\dx r dy 8 ) 9 

d / d r+ *u \ / d r+9+l u \ / d r+ *u \ _ / d r + 8+1 u \ 

Jx \dx r dy 8 ) ~~ \dx r +*dy 8 )' dy \dx r dy 8 )" \dx r dy 8+l / 

Example 1 . Let u = x sin y + y sin x ; then 



cos y + cos a?, —J = cos y -+- cos x, 



... = 

y/y dx/ 

which two results are identical. 

Ex. 2. Let u = 2x~y* -f x 4 y ; then 

{dy dx dx) = (^Jy~di) = i^dx~d^) = 12 (J? " + r)> 

(38.) The general property established in the last article 
will assist us in the successive differentiation of a function of 
two or more variables. Let u=f(x,y) t a function of two 
variables ; then, art. (33), its first complete differential is 

rfM .= (£) ** + (M) dy - 

In proceeding to the next differentiation it must be observed 
that the coefficients (^)> are g enera % to De considered 

as functions of both variables, and to separately admit of being 
differentiated in the same manner as the original function u, 
by adding together the partial differentials. Thus we have 

= i & + L (*1 \ d y 

dx \dx J dy \dxj 

/du\ d /du\ , , d /du\ , 
\jy)~TATy) dX+ dy{Ty) d y 
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Again, if we adopt the principle of general differentiation, 
and suppose dx and dy to be variable, we shall have, art. (19), 

<{(=)*} =<••<(£) +(£)"* 
<{{%>>}"»■< <Mh®«- 

The sum of the left-hand members of these is the differen- 
tial of the value of du, and is therefore equal to d 2 u. Hence, 
adding together these two equations and substituting the 



preceding values of d 




we obtain 



The process of differentiation may be successively carried on 
to higher orders in precisely the same manner, so as to deter- 
mine general expressions for d s u, d 4 u, &c. ; but as the 
formulae for the higher orders become rather cumbrous and 
are seldom required, it will not be necessary to give any of 
them here. 

If the variables x and y are independent of each other, and 
their values admit of being connected by a relation of the 
form y = ax -f ft so that we may consider both of them to 
increase by constant increments ; then dx and dy = adx may be 
both supposed to be invariable. On this hypothesis, d~x = 0, 
&c. and d' 2 y = 0, &c. and the expressions become 

&c. &c. &c. 
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Here the numerical coefficients will be found to observe the 
same law as those of the binomial theorem; and the nvt 
differential may be put down as follows : 

r 1.2 \dx»-*dy*J y \dy n ) y 

Tlie successive differentiations of a function of any number 
of variables may be determined in the same way as the pre- 
ceding. . Let u = f(x, y, z) be a function of three independent 
variables, and suppose y = a x + & * = o! x + so that j% y 
and 2? may severally increase by constant increments ; then we 
find 

MS)" + ($)'' ,+ (£)<•' 

+ 2 Oje) * * + 2 (ek) ** + 2 *"*• 

&C. &C. &C. 



CHAPTER IV. 

EXPANSION OF FUNCTIONS. 

i. Functions of One Variable. 

(39.) Let u =/(x) denote a function of x, and, h denoting 
a finite quantity, let the binomial function f(x + h) when 
.xpanded in terms involving the integral powers of h be 
supposed to be 

/(* + h) =/(*) + Th + Qh* + RA S + &c, 
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in which P, Q, R, &c. are new functions of x to be determined 
from f(x). It has been shown, art. (C), that the coefficiea 
P of the second term of this development is the differentia 
coefficient of the function / (x), and is therefore to be obtained 
at once by differentiation. The other coefficients Q, R, &c. 
may be similarly determined by means of successive differen- 
tiation. Thus, by differentiating successively the above form 
of expansion, we get the following equations : 

f\x + A)=P + 2Qh + 3IU2 + &C 
/%r + A)= 1.2Q +2.3RA+&C. 
f»(x + h)= 1.2.3 R + &c. 

&c &c. 

As these must be true for all values of h t by supposing the 
coefficients P, Q, R, &c. to be finite in value, and making 
k = 0, we obtain, 

f(A = P, A*) = 1 -2 Q, . r (*) == 1.2.3 R, &c. &c. ; 

• Q-f'(*) R_/"M * A. 

Hence the expansion off(x + ft) is, 
/<* + h) =/(*) +f(x) \ +/'(*) £1 + JL + &c . 

du h d 2 u h 2 d s u A3 

~ * + ^ • I ' f ^T2 + ^T^3 + &c " 

which is Taylor's theorem, and is one of considerable import- 
ance. 

In deducing it we have in the first place assumed without 
proof that the function is capable of being developed in the 
proposed form. The mere fact of obtaining an intelligible 
result will, however, be sufficient to establish the truth of this 
supposition. 

We have also necessarily assumed that all the coefficients 
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P, Q, R, &c. should be finite, as the reasoning evidently ceases 
to be conclusive when any of these coefficients become infinite 
in value. When one of these coefficients becomes infinite in 
value, we shall find that all the coefficients which succeed it 
will also be infinite in value. Whenever this happens, which 
can only be in particular cases and for particular values of x, 
Taylor's theorem is commonly said to fail; but it may in 
such cases be more properly said to be inapplicable, in conse- 
quence of the impossibility of exhibiting the complete expan- 
sion of the given function in the required form for that par- 
ticular value of x. We shall hereafter give a more satisfactory 
investigation of the development in a modified form, so as to 
obviate any want of generality or of logical accuracy that 
would otherwise be experienced in the many important appli- 
Cfitions of this celebrated theorem 

(40.) By making x = 0, Taylor's theorem becomes 

f(h) =/(0) +/<0) \ + /'(0) ^ + /"(0) ^ + &c. 

Or, substituting x for h, 

m =/(0) +/(0) j + /'(0) ^ + f"(0) ^ + &c, 

which is generally known as " Maclaurin's theorem," and is 
useful for the expansion of functions in powers of the variable. 
Professor De Morgan has observed, that Maclaurin was 
anticipated in the use of this theorem, and it has in consequence 
been latterly called " Stirling's theorem ; " but of this it may 
be remarked, tjiat it is an obvious and very easily deducecf 
particular case of Taylor's theorem, of still earlier date ; being, 
in fact, merely the development of f(x) considered as a 
binomial function /(0 + x), 

ii. Theorems which Limit the Values of Functions. 

(41.) Let f(x)y f{x + h) be two values of a function which 
varies continuously between x and x -f h ; then if any value of 
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* between x and x + h be substituted in the proposed function, 
the result will be an intermediate function. For example, the 

functions f(x + i /*),/(* + \^f(x + are all 

\ #t + n / 

intermediate functions with respect to /(a?) and f(x + A) ; but 
it does not necessarily follow that their values are arithmeti- 
cally intermediate between f(x) and f(x + h) unless the 
function between these limits either continually increases or 
continually decreases. If, however, x be supposed to van- 
continuously and to take every possible value from x to x -f h, 
and V, v denote respectively the greatest and least values of 
the function between those limits, then the value of every 
intermediate function will obviously be comprised between 
V and v. 

(42.) When a variable x takes m progressive values x 19 x 2 , 

x 3 x mi let the corresponding values of a function u 

=/(#) be denoted by u lf w 2 , u 3 u m ; then if the 

function be continuous in value from u 1 to u m we shall have 

where 6 is some arithmetical value between zero and unity, so 
that the value of 6m is between 1 and w, and u em is a function 
of x intermediate with respect to u x and u m . 

Let V, v denote the greatest and least values of the function 
u when x is supposed to pass continuously through every value 

from x j to Xjfi , so that u l9 u 89 u 3 u m are severally 

comprised between them, that is, less than V and greater than 
v ; also let the sum of these m functions be denoted by m («), 
then 

V + V + V &c, to m terms = wV (1) 

u 1 + u 2 + u 3 + u m = m (it) (2) 

v + v + v &c. to m terms = m v (3). 

On inspecting these we observe that the terms of (2) are 
severally less than the corresponding terms of (1) and greater 
than the corresponding terms of (3), and therefore the total 
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value of (2) is less than that of (1) and greater than that of 
(3). That is, the value of (u) is comprised between V 
and r, and is therefore a value of the function between these 
values. Hence, as V and v are each intermediate with respect 
to Uj and u m , (u) must necessarily be the value of an inter- 
mediate function with respect to u x and w m , and may therefore 
be represented by u$ mi 0 expressing a numerical value between 
zero and unity. 

It will be observed that the basis of this proof is the evident 
proposition that when, with respect to certain functional 
limifs, a value is arithmetically intermediate it must also be 
functionally intermediate, provided that the function is con- 
tinuous between the stated limits. 

(43.) Let f(x) be a function of x, continuous and finite 
from 0 to x, and which vanishes when x = 0 ; then will 

/(#) = */'(**), 

where 6 is some arithmetical value between zero and unity. 

Suppose x to be divided into a number (w) of parts, each 
equal to dx, so that mdx = x f the number m being indefinitely 
great and dx indefinitely small. Then, according to the first 
principle of differentiation, 

/(0 + dx) -/(0) 
dx 

f(dx + dx) -/(dx) 
dx 

f (2dx + dx) -/(2 dx) 
dx 

/(3 dx + dx) -/(3 dx 
dx 

&c. 

f( mdx)-f {(m-})dx} 
dx =f'{(m-\)dx}> 

Hence, observing that mdx = x } the sum of these equations, 



=/'(0) 
=/'(dr) 

=/'(3 dx) 
&c. 
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according to (42), gives 

or, since /(0) = 0, 

f(x) = m dxf'(6x) = x f{fi*). 

Cor. If a function f(x) be continuous in value from 0 to x, 
and also vanishes at each of these limits, so that /(0) = 0, 
f (x) = 0 ; then, by the preceding theorem, 

xf(Bx)=f{x) =0; 

/'(&r) = 0. 

That is, if f(x) vanishes at both of the values 0 and x, the 
derived function or differential coefficient f\x) will vanish at 
$x, some value between 0 and x. 

(44.) If /(h) a function of h together with its first n derived 
functions be finite and continuous from 0 to h ; and if more- 
over the function and the first n — 1 of these derived functions 

* 

severally vanish when h = 0 ; then 

where 6 is some positive arithmetical value less than unity. 

Let h be supposed to be constant and x variable, and 
assume 

F(*) « — **/(*)• 

Then, since F(*r) vanishes when x = 0 and x = A, it follows 
from the corollary to (43), that the derived function 

Y(x) = h n f'(x)-nx»-if(h) 

wiii vanish when x = 0Ji = h lf where Aj is some value 
between 0 and k. But since, by hypothesis, /'(0) = 0, this 
derived function F(x) also vanishes when x = 0. Hence 
again, as the function F(,r) vanishes when x = 0 and x = h lt 
it follows from the same corollary, that its derived function 

F'(«) = *•/*« - n (» - 1) /(A) 
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will vanish when x = A 2 , some value between 0 and A,. * But 
since, by hypothesis, f"(0) = 0, this function F '(a?) also 
vanishes when x = 0. Hence, as before, 

F"'(*) = /*"/"'(*) - 2) *■-*/■(*) 

will vanish when j? = A 3 , some value between 0 and A 2 . 
By pursuing this process we shall evidently find that 

F = *•/« (*) — n(ft— 1) (»- 2) .... 1 f(h) 

vanishes when x = h ni some value between 0 and A«_i. That 
is, substituting for x this last value, 

A tt / (n) - 1 .2.3 . . . . n/(h) = 0 ; 

where A n is some value between 0 and /*, which may therefore 
be designated by Bh, 6 being an arithmetical value between 
zero and unity. Hence wc have 

which is a further extension of the theorem of art. (43). 

Since A>A 1 >^ 2 >A 3 h n -\ >^ n it follows that as the 

order n advances, the value of h Hi or of $ n , diminishes. 

in. Limitations to Taylor's Theorem, 

(45.) Let R(/*) be a function of h which represents the 
sum of all the terms after the first in the expansion of the 
binomial function /(* -f A) ; that is, let 

/(* + *) =/(*) + R(A), 

and suppose h alone to be variable ; then the values of U(h) 
and its differential coefficient or derived function K(h) will be 

R(*) =/(* + *> -/« 

R'(A) =/'(* + A). 
Therefore as the value of R(h) vanishes when A = 0. if the 
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function f(x) be continuous and finite from x to x + h, we 
have by the theorem of art. (43), or the more general theorem 
of art. (44), 

R(£) = hR'(6h) = hf'{x + 6h), 

the value of H'(6h) being expressed by substituting 6h for h 
in the value of TV(h) ; 

... /(* + h) =/(*) + hf'(x + 6h) (1), 

which is the development made complete in two terms. 

Let now H(h) be a function of /* which represents the sum 
of all the terms after the two first in the development of the 
binomial function f(x + h) ; that is, as suggested by equation 
(1), let 

/(* + h) =fx + hf(x) + R(A), 

and, as before, suppose h alone to be variable ; then the values 
of R(£) and its derived functions will be 

»(*) =/(* + *) -/<*) - V'W 

R'W =/'(* + *) -/'(*) 
R"(h) =/"(* + A). 

Therefore as the values of R(A), R'(£) both vanish when 
h = 0, if /(#)> /'(a?) be continuous and finite from x to # + h> 
we have by the theorem of art. (44) 

rw= S rw= S /,,(j?+ ^ ); 

/(* + a) =/« + vw + + (2) ' 

which is the development when made complete in three terms. 

Again, let R(A) represent the sum of all the terms succeed- 
ing the three first in the development of/(# 4- h) ; that is, as 
suggested by equation (2), let 

/(* + h) =/(x) + */'(*) + ^/"(*) + RW i 

then the values of R(A) and its derived functions will be 
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R(A) =/(* + A) -f(x) - »/'(*) - 

B'W =/'(* + *) -/'(*) - 
R"(A) =/"(* + A) -/>'(#) 

R'»(A) =/'»(« + A). 

# 

Hence, as the values of R(A), R'(A), R"(A) severally vanish 
when A = 0, if fix), f(x), f"(pi) he continuous and finite in 
value from x to x + A, we have by the same* theorem, art. 
(44), 

R(6) = f^3 R "' ( 6h) = T^"' {x + 6K > ! 
.-. /<* + A) =/(*) + */'(*) + 

+ i^s/ w (* + «) (3). 

which is the development completed in four terms. 

In like manner, so long as the functions are continuous and 
finite in value, may the binomial function f(x + h) be com- 
pletely exhibited in any number of terms. Thus, let H(k) be 
a function of h which expresses the exact residue of the 
development after the first n terms, so that 

Jl A 3 A 3 

f(x + A) =/(*) + y /'(,) + _ /»(*) + Yj^f'ix) 

+ l. 2 .3 / |."'»-l/ ( "- ) ^ + R W- 

Then the values of R(A) and its derived functions will be 

R(A) =/(* + A) -/(*) - ^/"(*) ~ UJ/ W (*) 
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R'(A) =><» + h) -f\x) - \f(x) - ^/'"(*) . . . 

A"- 2 

r« =/"(* + *) - j/ w or) 



&c. &c. &c. 

RCn-2)(^) = /(«•-*)(* + ^) _/(n-2)( tr ) _ * /(«-!>(*) 

R(n-D(A) = f( n ~V(x + /i) -/(n-D^) 
R (»)(£) = /(*)(* + £). 

Therefore, when A vanishes, 

R(0) = 0, R'(0) = 0, R"(0) = 0, R^-0(0) = 0 ; 

and hence if /(x), /'(*), /"(*) are severally 

continuous and finite in value from x to x -f- A, the function 
R(A) fulfils the conditions of the theorem of art. (44), which 
gives 

The development in Taylor's series, .when made complete in 
n + 1 terms is therefore 

/c* + h) =/(») + (' /'w + £/%o + j^rw 

+ T^hi^'- 1 ^ + rrrr.^ + '*> «■ 

where 5 is some positive numerical quantity, the value of which 
is undetermined further than that it is contained between the 
limits of zero and unity. We are hereby enabled to affix 
corresponding limits to the completion of Taylor's series after 
any number of terms ; but it must be remembered, art. (41), 
that the value of fW(x -f 6h) s though functionally inter- 
mediate, is not necessarily contained arithmetically between 
f in) (x) and fW(x + A). Let V and v denote the greatest and x 
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least value3 of f^ n \x) which occur from x to x + h, then we 
conclude that, by stopping at the nth term, the final correction, 
to make the value of the development exact, will always be 

h " tt , h" 

comprised between t~o * an( * i~7> v. 

i . . • n i.z . . . n 

This formula is Lagrange's limitation to Taylor's theorem, 

and it should be remembered that the conditions on which it 

depends are, that the n + 1 functions f(x), f(x) y f"(x), 

f"(x) f&\x) must be severally continuous and finite 

in value between the limits x and x + h. It is not affected 

by any of the subsequent functions f( n + 1 \x), / (n+2) (^), 

&c. becoming discontinuous or infinite, and it is true when 

stopped at any number of terms, provided only that the 

functions are so far continuous and finite. Thus we may 

have 

f(x + h) =/(*) + */'(* + 

=/(*)+*/'(*) +o A *" M »* ) 
=/<*) + */'(*) + + + M). 

&c. &c. &c. 

which equations admit of being made exact by values of 6 V 
8 ai 0 39 &c, each less than unity, so that x Bh is in every 
case comprised between the limits x and x -f A. By equating 
each of these values off(x + A) with the next, we deduce the 
following relations, 

/'(* + ff.h) =/'(x) + \f»(x + $ t h), 

f'{x + 6 a h) =/'(*) + r/»(x + 6 s h), 
&c. &c. &c. 

/(»-•) (x + 6 n . x h) =/C»-D (*) + */(») + 8.K) ; 
and from these we infer that, when h is small, ■ 



Digitized by Google 



EXPANSION OF FUNCTIONS. 



71 



^1 ~ 2> $7 ~ h ^3 = h • • • • = Z+l* 

and they will seldom in any case differ much from these values. 

(46.) By making x = 0 in the formula (w), Taylor's theorem 
with limits becomes 

/(*) =A0) + */(o) + ^/"(°) + T^- 3 /'"( 0 ) 

or, substituting x for h, 

f(x) =/(0) + J/'(0) + ^/'(o) + jj^ffP) 

and this equation, which is necessarily exact for some value of 
6 less than unity, is the corresponding limitation of the theorem 
of Maclaurin or Stirling. The conditions essential to this 

theorem are, that the functions f(x), f'(x) 9 fix) 

fW(x) should be continuous and finite in value from 0 to x. 
This theorem may also be put under the form 

x/du\ x 2 /d 2 u\ x 3 /d°u\ 
tf '"" 0 + I\5V 12\ dx^Jo + IT2T3 VSP/o 

x n /d n u\ 
1.2 .. .n\dx n /9x 



iv. Functions of Two or more Variables. 

(47.) Let u = F (x,y) be a function of two variables, and 
let it be required to expand F(.r + h, y + &) in powers of 
h and k. Take A = ah and put 

U == F (x + h, y + k) = F (x + h, y + a h). 

Then, by supposing h alone to vary, U may be considered as 
a function of one variable A, and expanded in powers of h by 
Stirling's theorem, art. (46). When A becomes h + dh, the 
function U becomes F (x + h + d h, y + ah + adh), and this 
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form is identically the same as if we had supposed x to become 
x + dh and y to become y + adh. Therefore, substituting 
dh for dx and adh for dy, in the formula 



we find the differential of U = F(* + h, y + a A), with respect 
to hy to be 

•• <■>• 

As this value of ^ must be a function of x + h, y -f a A, it 

may evidently be again differentiated by applying to it the 
same formula (1). Thus 

dU / jf £U\ 
</A <//* ~~ \^ rfAj \rfy ; 

that is, operating on the preceding value of — as indicated on 
the right hand of this equation, 

rf*U _ /d=U\ /^U\ /rf»U\ 

• • • • - + 2a + ° l^j • • • (2 " 

In the same way, treating this as another function of x -f h, 
y -f a h y and again employing the formula (1), the process may 
be carried to any order of differentiation ; and we shall obtain 
generally 



_ (d* U\ / d*\5 \ » (»— 1> 2 ( d n V \ 

~~\dx n ) * na \dx«-idjiJ + 2 ° \dx»-*dyy 
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in which the numerical coefficients are those of the expansion 
of (1 + *)« 

Now, by Stirling's theorem with limits, art. (4G), we have 

«-*+K©. + n(sa 

1.2 nXlk^Jeu 

in which expansion the function U and its differential co- 
efficients are the values when k = 0, excepting the last, in 
which h takes the* value 6h. But when h — 0, functions of 
x + h, y + ah become corresponding functions of x, y, and 
I J, and its differential coefficients with respect to x and y 
become the same as if the function u had been employed ; also 
when h becomes 6h> functions of x + //, y + ah become 
corresponding functions of x + Bh, y + 6ah. Hence substi- 
tuting the values according to the preceding expressions (1), 

(2), (>*)> and observing these transformations, we have 

for U the following development : 

XJ = F(x + h,y + ah) = 

- s t{(!M£)} 

+ o { (S) + + ° 2 ($) } 



h» f /d n u\ / d"u \ 

+ 1.2. ...» \\dx n ) + W ° \dx"-idy) 

n(n-}) /_d»u_ \ 

the value of the term exhibited in the last three lines being 
taken when x and y become x + 6h, y + 6ah, where $ < 1. 
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By substituting k in place of its value ah, the formula 
becomes 

U as F (* + h, y + I) ss 



(48.) In the formula just determined make x = 0, y = 0, 
and afterwards change h into # and k into y ; then 

.-F(« f ) = .. + .(5) > + ,(*) | 

+ n{''©). + 2 "(5). + K$M 

a 

* » i * * 

+ OT^I {*" (£=) + "-"''(j^s) 

where we have to make x, y each = 0 in the several functions, 
except in the term which occupies the last two lines, where they 
are to be replaced by 6x, By, 6 being < 1. 

Note. — It may here be remarked with respect to expansions 
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generally, that if the nth or limiting term decreases without 
limit as n increases without limit, the development may be 
then continued without introducing any limiting term. 
(49.) If in Taylor's theorem we make h = dx, it becomes 

f{x + =f(x) H — + — h 1 9 3 + &c. ; 

that is, if u ss /(*), 

U=/(x + rfx)=« +T+ — + — + &c. 

This formula represents in a simple form the most general 
theory of expansion, and may be extended to the expansion of 
a function of any number of variables, under the following 
general enunciation : 

* Let u = f(x, y, z, &c.) be a function of any number of 
variables, and let 8x, 8y, Sz, &c. denote arbitrary increments of 
the respective variables. 

Suppose the function 

U =/(* + to, y + ty, * + &r, &c.) 

to be partly expanded, and denote by hi the terms which 
involve the first order of the increments &r, Sy, bz y &c. 

Then x + &r, ?/ + 8y, * + Bz, &c. being substituted for 
x, y, z, &c. in the value of $u and the result again partly 
expanded, denote by the terms which involve the second 
order of the increments. 

And again, the same substitutions being made in S 3 m, and 
the result expanded, denote by b°u the terms which involve 
the third order of the increments, &c, &c. 

Then will 

U = M + T + L2 + r2T3 + ^ ; 

and the values of 8w, d 2 **, 8 3 w, &c. may be determined by 
successively differentiating the function u =f(x, y, z, &c.) on 

* This theorem was first announced by the author in the Appendix to 
the 4 Gentleman's Diary ' for the year 1835. 
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the supposition that dx, dy y dz, Sec, do not change, only 
writing dx, 8y, dz, &c. in place of dx, dy t dz, &c. ; also the 
series may be stopped at pleasure by substituting x + 6dx > 
y + 6dy, z + 0dz, &c. for x, y f z, &c. in the last term, 
6 being < 1 . 

By making x, y, z, Szc. severally = 0, and writing x, y, z, &c. 
in place of 8x, 5y, dz, &c, the result will be the expansion of 
the function ti = f(x, y, z, &c.) in powers of the variables. 

The preceding developments may all be deduced from this 
general theorem. 

Examples. 

1, Expand f(x + h) = (*r + h) n by Taylor's theorem. 
Since f(x) = x n , we have by successive differentiation 

• /'(*) = /"(*) = n (» - 

/"'(*) = n (n - 1) (» - 2) .r»- 3 , &c. 

Hence, by the theorem, art. (39), 

(x + h)» = ^+ ^»- 1 H — f~ * n - 2 W 

1 1 -2t 



+ or"- 3 A 3 4. & C>J 



which is the formula of the binomial theorem. 

2. Expand log (x + h). 3 
Here/(jr) = logr, and by differentiation 

/"(*) = - I.*" 2 , /"'(*) = 1.2.*-*, &c. 
, Therefore, by the theorem, 

f(x + /,) = log (x + h) = log (») + \ - ^ + £p - &c. 

which is divergent and inapplicable when x < h. 

If we employ the theorem with the limitations, art. (45), 
we shall obtain 

leg (* 4- ft) = log (*) + 
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which expressions will be strictly accurate with values of 6 
between the limits of zero and unity. Let x — \> then 

,0 ° (1 + h) = TTJh = h ~ 2(i + <w» - 

By the first of these expressions it follows that the value of 
log (1 + h) is comprised between ^ and - ^ ; and by the 

second the same value is comprised between the narrower 

h 2 h~ 
limits h — — and A — 



2 2(1 + A) 3 

3. Expand the function u = sin x in powers of x by 
Maclaurin's theorem. 

By differentiation, 

du d~u . 

— = cos x, —7 = — sin x, — -7 = — cos ,r, 

' dx dx~ dx* 

d*u . d*u Q 

— : = sin t r, = cos .r, &c. 

dx 4 dx° 

which, when x = 0, respectively become 1, 0, — 1, 0, 1, &c. 
Therefore by the theorem, art. (10), 

x* x b 

sin x = x -I &c. 

1.2.3^1.2.3.4.5 

Or, by the theorem with limitations, art. (4G), 

x ~ 

sin x = x cos 0,r = ,r — — sin 6p ; where 0 y < 0 < 1, 

i . A 

and which may be similarly expressed in any required number 
of terms. 

4. Expand u = cos^r, in powers of x. 

' du . d-u 

Here -- = — sin x> — = — cos.r, 
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which, when x = 0, become 0, — J, 0, 1, &c. ; 

# 3 x A 
.'. COS X = 1 1 <xc. 

1.2 ^1.2.3.4 

Or, with the limitations, 

o 

cos x = 1 — x sin Ox = 1 — -j-^ cos 0,.r = &c. 

5. Expand u = e* = log" -1 .? in powers of jr. 

By art. (26) we have — = e x , — , = e r , &c, which, when 
»r •= 0, severally become equal to unity. 

••• e ' r = 1 + T + r2 + f^ + &c - 

Also, with the limitations, 

3 

e* = 1 + ? e«* = 1 + ^ + = &c. 

6. Let u = xyz, and expand 

U = (.r + to?) (y -f By) (* + fo) 
/jv the general theorem of art. (49). 

' By operating upon u = X y z with the symbol 8 in a manner 
analogous to successive differentiation, and supposing Bx, By, Bs 
to be invariable, we have 

u =z x y z 

Bu — yz Bx -f zx By -f xyBz 
B 2 u = 2 x By Bz + 2 y Bz Bx + 2 z Bx By 
B 3 u — GBxByBz t 

which substituted in the formula 

u = w + 7 + i^ + nr3 + &c - 

we obtain 

(x -f Bx) (y + 5?y) + &:) = a 1 y z + (y r S.r + z x By + x y Bz) 

-f O ByBz + y Bz Bx + z Bx By) 
+ Bx By Bz, 

which may be verified by multiplication. 
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scries for e*. example 5, replace x by x V— 1 ; 



then 



e* 7 -> = 1 + x V- 1 - -r^ - r-r^ V- 1 + —— - + &c - 



1.2 1.2.3 1.2.3.4 



x 2 i 4 
= 1 -L2 + r2X4- &C - 



+ ^-tS 3 + &C -)^ =:1 ' 



that is, examples 3 and 4, 

e x^-i = C0Str _|_ \/— i sin x (1). 

In this equation replace x by — x } and we have also 
e _ a v / _i — cos a: — V — 1 sin x (2) ; 



cos a? = 



2 



>> (3), 

sin,r — 



2 V-l 

which are Euler's formulae. 

Again, replacing x by mx^ in (1) and (2), 

e ± wuV-i — C osm,r + %/ — 1 sin?H.r. 

Hence, as e ±m -^ /z ^ — (e ±x ^ l ) m y we have 

cos mx ± V— 1 sin = (cos x ± V^l sin x) m (4), 

which i3 De Moivre's formula and is true for all integral 
values of m. When expanded by the binomial theorem, by 
equating separately the real and the unreal portions, we may 
obtain from it the trigonometrical values of cosmx and sin /ft # 
in powers of cos x, sin x. 

In (4) replace x by x + 2 rir, r denoting any integral 
number; then 

(cos x + V— 1 sin x) m = 
cos (mx -f 2 rmn) + V — 1 sin (mx + 2 rmn) .... (5), 
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which is the complete form of equation (4) and is now true for 
all values of m, whether integral, fractional, real or unreal ; 
and both sides will now always contain the same number of 
identical values.* 

From the preceding values of cos x, sin x, equations (3), it 
is evident that all the trigonometrical functions of x may be 

expressed in algebraical functions of the exponentials e r%/_1 

and e-*J~ u 



CHAPTER V. 

INDETERMINATE FORMS. 

(51.) When a function for a particular value of the variable 
assumes any one of the forms 

0 X oo, oo - cc ; 0°, x° or 

0 oo 

the function, absolutely considered under this singular form, 
becomes then essentially indeterminate and admits of having 
any value whatever assigned to it. But if the proposed 
function represent a quantity which varies continuously so 
that the function up to the particular value of the variable 
is subject to a condition of continuity, its value will evidently 
be determinable in a manner analogous to that by which wc 
obtained the differential coefficient of a function in art. (G). 

i. Functions in the Form of Fractions. 

fix) . . 0 

(52.) Let u = be a function of x which becomes - 

r \x) 0 

when x = a. It is evident that this will arise from the in- 
corporation of certain vanishing factors in both numerator and 

* An investigation of the general theory of exponential and imaginary 
quantities arising out of this last equation is given by the author in the 
Appendix to the • Gentleman's Diary ' for 1837. 
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denominator. Suppose the resolution of these factors to give 

/O) (x — a) m ? 
F(7) ~~* (x-ay'Q' 

where P and Q are of finite value when z = a. Then by 
division we should have 



/to / X P 

F (x) ^ a) Q ' 



and when x = a, this would obviously give for the required 
value, 

P . 

0 if m > n ; — if ;a = w, or ao if m < w. 

The elimination of the vanishing factors will in most cases 
be facilitated by substituting a + h for x, so that x — a = /i. 
The form of u will then be a function of h which becomes 
0 

- when h = 0. By expanding, if necessary, the numerator 

and denominator of this function in ascending powers of /*, 
and dividing by the power of h which is common to them both, 
and afterwards making h = 0, the result will be the required 
continuous value of the proposed vanishing fraction when 
x = a. 

(53.) The continuous value of the vanishing fraction may 
be otherwise determined by ascertaining in a different manner 
an expression of its value in a continuous form for values of x 
contiguous to x = a. Thus when x takes the value a -f A, we 
have by Taylor's theorem, art. (45), observing that /(«) = 0, 
F(«) = 0, 

fia + h) _ f(a) + j /'(« + eh) f (a + 6h) 
F(a + h) F(a) + J F'(« + M) F'(« + eh) 

This equation is necessarily strictly true when A is of any 
value, however small, positive or negative, and if /'(a), 

d 5 
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F'(«) do not both vanish or become infinite, the fraction on 
the right hand will be continuous in form when h vanishes ; 
therefore, making h — 0, we obtain, for the continuous value, 

m-lSa) rn 

F(a) F» W ' 
.But if f'(a), F'(«) both vanish, by extending Taylor's 
series to another term, we shall have 

/(« + *) /(«) + y /'(«) + £ 2 /"(« + eh) 

F(a + h) F(a) + \ F(a) + ~ F'(a + $h) 

_ /"(g + Oh) 
+ Oh) ' 

Hence, if f ! '(a), F"(a) do not both vanish or become infinite, 
we obtain, by making h = 0, 

F(fl) F» W * 

By proceeding in this way, we similarly find that if the 
numerator and denominator with their first n — 1 differential 

coefficients, viz. /(*),/'(*), /"(*) /^"^ (*), andF(x), 

F(*), F"(.r) F(«-D (j) severally vanish when x = </, 

and the nth differential coefficients F<*5 (jr) do not both 

vauish or become infinite, then the continuous value of the 
fraction will be 

/to = f W (a) M 
F(«) FW(b) W ' 

(54.) Suppose the numerator and denominator of the func- 
tion %y- ( to be both of them infinite in value when x = a, so 

that it becomes of the form 22. . Then by expressing the 
function by the reciprocals, thus, 

/(«) 

2 ' r (a)^ 

' /(a) 
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it will become of the form g . Therefore by equation (1) 
we get, by differentiating the numerator and denominator, 

F'(«) 



/(«) _ 
V («) ~ _ 



{F(")} 3 _ f/( a )l/F'( g ) 
/(«) ~ IV («) J /'(«) ' 
{ /(«) } 2 



which gives 



/(«) _ /'(«) 



F(«) F'(a) 

This being the same as the equation (1) hefore obtained, 
we conclude that the mode of operating in this case is identical 
with that already indicated when the function is of the 

form ? • 
I) 

Thus, if after 1 differentiations the fractions ; > 

F'(«) 

y v y , £ ; , v y , severally become of the form 

F"(a) F'"(a) F^-^(a) J 

— or ^, and if , [ a \ does not become of either of those forms ; 
00 0 Jb w (a) 

then, according to equation (w), 

F(a) F^(a)' 

(55.) We have therefore the following rule for determining 
the continuous value of a fraction which for a particular value 

0 00 

of the variable becomes of the form - or — : — Divide the dif- 

0 co 

ferential coefficient of the numerator by the differential coeffi- 
cient of the denominator for a new fraction, in which substitute 
the given value of the variable. Should this latter fraction 

0 00 

still assume the form - or — , the same process may be suc- 
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cessively repeated until one or both of the numerator and 
denominator ceases to vanish or become infinite in value. 
Example 1 . — When x = 0, find the continuous value of 

1 -co.s^r _ 0 ' 
sin 2 0 

Here/x = 1 - cos x, T(x) = sin 2 *; and by differentiation, 
f(x) sin x _ 1 

- — ■ — ■ ■ i ■■■ ■ ■ - - ■ i — ■ — _ ■ m 

F '(x) 2 sin x cos x 2 cos a* 
which, when x = 0, gives -J- for the required value. 

Example 2. — When x = 0, required the value of, °^ S *" X 

log sin 2x 

— oo 

zzz ■ — - • 

— X 

Since f(x) = log sin j', T(x) = log sin 2x, we have 

cos a? 2 cos 2 x 

/* = ~ — > F W = — r-= — J 
sin* sin 2 or 

. _ cost sin 2 T 

F'(*) 2 cos 2 j sin x 

When x = 0, the first factor of this expression is determi- 

, . COS ii .1 xi r . Sm 2 ' r ^-ii 

nate and is i — = I ; out the other factor — : still 

2 cos 2x smx 

0 

maintains the indeterminate form - , and its numerator and 
denominator must therefore be again differentiated, giving 
" C ° S *" V = 2. The value of the proposed expression is 

COS X r r 1 

therefore } x 2 = 1 . 

Example 3. — When x = oo , determine the continuous value 
e ' oo 

of — = — - , the exponent m being a finite integer, 
rr i /(*) e * 00 

Here we have ~H = — = — * when x = co , 

* (,r) ,r m oo 

f\x) e* oo 



•L,, ■ — = — , when x = x , 

F'(,r) w* m - 1 00 

&C. &c. &c. 



« 
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F 1.2.3 . . . . m 



= oc , when ,r = co . 



The sought value is therefore infinite. 

. _ , 1 — x m 0 m 

4. When x = then = - = -. 

1 — «r* 0 n 

e x _ e a o 

5. When x — a, then = - = e a . 

x — a 0 

a* — b* 0 . a 

f>. When a: = 0, then = - = log 

x 0 ° o 

7. When a: = 0, then 7 * = £ = 2. 

sin 07 U 

x — sin ,r 0 1 

8. When x = 0, then — — = - = — . 

™ ~ i tan ^ — sin x 0 _ 

9. When x = 0, then g ^ y = - = 3. 

10. When * = 1, then t +logJ _ J = g = - 2. 

11. When*= 0, then as =— 1. 

log X —-00 



12. When o?= 0, then 



cos cur — cos fix 0 a 2 — /3 



cos <w 



— cos&r 0 a 2 — 6* 



ii. Functions in the Form of Products. 
(56.) Again, if F(x)f(x) be a function of x which, when 
x = a, becomes 0 X oo , it may be differently expressed, as 
follows : 



4 



)\x) F(*) 

Since, when x — a, F(x) = 0, /(j?) = oo , the former of 
these will assume the form jj, and the latter will assume 



Digitized by Google 



86 THE DIFFERENTIAL CALCULUS. 

the form — , and either of them may be evaluated by art. 

Also, if F(» — /(*) be a function of x which, when 
x = a, becomes of the form oo — x , it may be expressed 
thus : 

J 1__ 

F 0) -/(*) = / , 

which, when a? = fir, will now become jj, and may therefore be 
evaluated as before. 

7T 

Example 1 . — When x = - , required the value of 



f 1— — y tan* = 0 X oo. 
In this example we have 



( 



2 *\ 7T 

1 ) tan x = . 

7T J cot* 



7T 0 

When * = - , this expression assumes the form - , and 

0 

its value is hence found to be 

1 -— — 2 

7T_ 7T 2 

COt X ' — COSeC 2 * "~~7T 

Example 2. — When a: = 1, find the value of ■ — — 

log x log x 

= 00 — 00 , 

T T X 1 * — 1 

Here =: , 

logo? log* log* 

which, when * =1, takes the form ?, §md its value is there- 
fore found to be 

- =- — a? — it 

log * l 
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3. When * = 1, then 



4. When x 

5, When x 



2 



1 



= x — x = 1. 



l — x 2 l—x 
x , then e -,r log x = 0 X x = 0. 
0, then x log x = 0 X — x = 0. 



C. When x = 1, then 



— = x — x = 



a:— 1 logx 



7. When x = 0, then \ = x — x = i 

sin~,r x 



8. When # = 



a:- A' tan # 



in. Functions in the Form of Exponentials. 
(57.) The general exponential function u = F(x) r M may 
for a particular value of x become one or other of the forms 

0°, x°, 1 ±35 , 0 ±oe , x ±ao . 

Only the first three of these are indeterminate in their 
character: the other two are determinate, and their values 
are evidently 

o*-={« »*■={?. 

Since u = F(.ry»), we hare 

log «=/(*) log F(x) = L°g F(j) . 

/to 

Therefore, referring to this expression for log u, 



when u is of the form i 



0° 

QD 



r 



— 00 



00 

• log u is of the form-j 5 

0 



Hence the value of "log u may be determined by art. (55), 
and thence the corresponding value of m. 
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Example 1. — When x — 0, find the value of x x = 0°. 
Here u = x*, and logw = xlogx = fo^f . 



When x = 0, this expression for log u takes the form > 

and hence, hy differentiation, its value is found to be 

1 

l0gtt=-^-= _ = _^ = 0; /. w=l. 



2. When x = 0, then x™*= 0° = 1. 

3. When .r = 0, then (cot x)* ln *= x° = 1. 

i_ 

4. When x = ao , then x lo &»" = x° = e. 

i 

5. When x = 0, then (1 + W2j:) r = 1 00 = e m . 

_L 1 

6. When * = 1, then* 1 "' = 1» = 7 

iv. Exceptions to Taylor s Theorem, 

(")8.) In art. (39) allusion has been made to the existence 
of certain functions, to the development of which Taylor's 
theorem ceases to be applicable for particular values of the 
variable, in consequence of the differential coefficients or 
derived functions becoming infinite in value. 

Let yfr(x) be a function of x, and suppose a given finite value 
a to be a root of either of the equations 

*(*) = <>. ^) = ° ; 

then it may be shown that ^ (x) will be of the form 
+ (x) = (x-a)*(f>(x) ...... (1), 

the function cf>(x) not vanishing or becoming infinite when 
x — a, and therefore not involving as a factor any other power 
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of x — a. Also, the exponent /x will be positive or negative 
according as x = a causes ^ (x) to become zero or infinity, or 

according as a is a root of ^ (.r) = 0 or of — L_ = 0 : and it 

* w 

will evidently be the limiting value of the fraction ..^S^W , 

log (>— «) 

which assumes the form — , when j = tf. 

00 

(59.) Suppose a given function f(x) to contain a term of 
the form ty(x) ; then, if we proceed to the derived functions, 

f'(x) will contain the term (x — a)^ _1 (£(,r) . p 
/»(*) „ „ (*-a)*-*$(*).,*G*--l) 

/"'(*) » » (* - ay-*<t> (x) . 1*0*— 1)0*- 2) 

&c. &c. &c. 

Consider now the following cases : 

1 . If fi be a positive whole number, these terms will wholly 
disappear after f fl (x) J and since the exponents it — 1, /x — 2, 
/x — 3, &c. are all positive, it is evident that when x = a and 

— a = 0, the original introduction of the factor (x — ay 
cannot thus affect the finite character of the values of the 
derived functions. This case therefore does not form an 
exception to Taylor's theorem. 

2. If \jl be of the form m + a positive whole number with 

the addition of a finite fraction, then the exponents p — 1, 
^ — 2, tt — 3, &c. of the factor (x — a) in the above terms 
will be positive for the first m derived functions, but will 
afterwards become negative. Therefore, when x = a, the 
terms will vanish from the first m derived functions and will 
become infinite in value in all the subsequent functions. 

Hence, as regards the factor (x — a) m +\, the derived functions 
will, when x = a, be finite up to fM(x), b\\tfl m +U(x) and all 
the subsequent functions will be infinite. The expansion of 
the proposed function by Taylor's theorem, for the particular 
value x = a, will therefore not in this case admit of being 
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7i m 

carried tc any terms beyond fM(x + 6h) t and it 

may be stopped at any previous term y-y + 6 fi), 

where n < m. Within these limits the accuracy of the 
development will not be affected by the infinite values of the 
higher derived functions. 

3. If fi have a negative value, or a positive value less than 
unity, then the exponents p — 1, fi — 2, ft — 3, &c. will be all 
negative, and when x = a all the derived functions will become 
infinite in value, so that the conditions of Taylor's theorem 
not being fulfilled, it will be wholly inapplicable to the develop- 
ment of the proposed function for the particular value x = a ; 
but the application will nevertheless be true in all cases for 
values of x which differ from a by a finite quantity. 

The cause of these singular results may be ascertained by 
examining the effect produced upon the form of the function 
proposed for development. Thus when f(x) contains the term 
(x — «)^<jf>(j:), f(x -f Ji) will contain the corresponding term 
(x + h — aYfyix + h) 9 and, when x = a, this will become 
hf l <l>(a + h). As <f)(a) cannot = 0 or 00, the expansion of 
this term will give a series involving powers of h beginning 
with : when \i is a positive integral number, no peculiarity 
is induced; but when /z is positive and fractional, all the 
powers of h will likewise be fractional, and when p is negative, 
the development will contain negative powers of h to the same 
extent. 

In these remarks, which apply equally to Stirling's theorem, 
the symbol ft, to observe the utmost generality, might have been 
considered as a function of x } and it is evident that all the 
peculiarities of form and result would then be determined in 
exactly the same way and would similarly depend upon the 
particular value of fx when x = a. 

(60.) From what precedes we are led to the followiug 
general conclusions : 

If when the variable x takes the finite value a, the function 
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f(x) and its first m derived functions be finite a^d the 
m + 1th derived function be infinite; then all the succeeding 
derived functions will likewise be infinite, and Taylor's 
theorem with the limitations, art. (45), will be correct if not 
carried further than the term involving h m . Beyond this term 
the theorem will be inapplicable, as indicated by the infinite 
values of the differential coefficients, because the further ex- 
pansion of the proposed function f(x + h) will consist of 
fractional powers of h, the first fractional exponent being 
contained between m and m + 1 . 

If when x = a the value of the function itself be infinite, 
then the values of all the derived functions will likewise be 
infinite, and the tr .e expansion will contain negative powers 
of h. 

In either of these exceptional cases the definite expansion of 
the proposed function f(x + h) for x = a may be generally 
obtained by first substituting a in place of x and afterwards 
expanding the reduced result, supposing a to be variable, for 
which Taylor's theorem may be employed if necessary. 

Example.— Let f(x) = x* + (x°~ - arf ; then f(x) will 

involve (x~ — a 2 ) 2 , and f'\x) will involve (,r 2 — cr)-4 and 
become infinite when x = a. 

Therefore the true expansion of f(x + h) when x = a will 
contain fractional powers of h commencing from an exponent 
between 1 and 2. To determine this expansion, we have 

/(* + h) = (x + *)* + { 0 + h) 2 - a 2 }* 

... /(„ + 70 = (a + + {(a + hf - « 2 } f 

= (a + ft) 3 + (2 a h + h~)% 

= (a + /i) 3 + ^(2a + 7i)^, 
which may be readily expanded by the binomial theorem. 
Again, suppose ^ (x) to be of the form e"^; <p(x), where m 
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is positive and finite and <f> (x) not = 0orx when x = 0. 

i 

Since e ]o ** = x, or e=x^, this function may be transformed 
into the equivalent expression ^(x) = x ~ ^r^~ x $ (x) ; 

,\ a = 0, and p. == 1 . 

x m logx 

When x = a = 0, the particular value of the function 
1 

a = - , which takes the form ~ , must be determined bv 

log x J 

differentiating the numerator and denominator according to 



art. (55) ; thus we find /i = — — = . Hence, making 

* x 

X 

x = 0, the particular value of /x is infinite, so that if x were 
considered as an infinitesimal, the value of the function f(x) 
would become an infinitesimal of an infinite order. Therefore 
the values of ^ (a?) and all its differential coefficients or derived 
functions will vanish when x = 0, and the expansion by 
Taylor's theorem will in this case not fail. 

v. Differential Coefficients of the form 

(6 1 .) When two variables x and y are implicitly related by 
an equation 

y) =0, 

let the partial differential coefficients with respect to x and 

then, the value of the differential coefficient or differential 

ratio ^, art. (32), will be 
dx 

d JL - _ I 

dx ~ Q' 
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If values of x and y can be found which will fulfil the three 
equations u = 0, P = 0, Q = 0, we shall have, for these 
particular values, 

dy _0 
dx ~~ 0* 

and the determination of the continuous value in this case may 
he found by successively differentiating the numerator a.id 
denominator of the fraction, as in art. (55), with this differf nee 

that the result will lead to an equation involving the roots 

dx 

of which will give multiple values to this symbol. But these 
values may be more readily found by means of the expansion 
of f(x + h, y -f ah) ; since by making /(.r + h, y -f ah) = 0, 
it is evident that h and ah will be corresponding increments of 
x and y in the equation f(x, y) — 0, and when these increments 
become infinitesimals, the symbol a will therefore represent 

the required values of 

dx 

The expansion of f{x -f //, y + ah), given in art. (47), being 
equated with zero, omitting the first term / (x, y), which = 0 
by hypothesis, we obtain 

•-i {$+<*)■} 
+£{(£)+'<3)-+($M 

&c. &c. 

which may be made complete in any number of terms by 
replacing x and y by x + 6h and y + 6ah in the last term, 
where 6 < 1 . 

Now if particular values of x and y give = 0, = 0, 
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the first term of this equation will disappear ; and hence by 
stopping the series at the second term and dividing by the 

— , we get an equation determining the value of a = for 

all values of A, and finally, making h = 0, the x -f Oh, 
y + a6h become simply x, y, and we obtain, for determining 
the continuous value of a, the equation 

//»/ 

a quadratic, which will therefore give two values for a = 
If, however, for the same values of # and y, also 

then the first and second terms of the preceding equation will 
disappear, and hence stopping the series with the third term 

and, as before, dividing by the — — and afterwards making 

1«2(3 

h = 0, we get 

-(£)+•(&)•+■(£)"+ 

a cubic equation, which will therefore determine three values 

ax 

Should the partial differential coefficients simultaneously 
vanish for still higher orders, the same process may be 
extended by including additional terms of the preceding form 
of development ; but it will be unnecessary to do so here, as 
the general law of the successive terms is obvious, and these 
higher orders of multiple values do not often occur. It will 
be observed that the numerical coefficients of any order are 
those of the binomial theorem. 

Example. — Given y 3 — 7x 2 y — 6 x* + x* = 0, to find the 

values of corresponding to x = 0 and y = 0. 



Digitized by Google 



INDETERMINATE FORMS. 95 

« 

When x = 0, y = 0, we have, by partial differentiation, 
(~)= - Hry- IS* 2 + 4* 3 = 0, 

(g) = 3yi-7^-0, 

(H)~»*=«. Cp)-»— 

0= —36 — 42a + Ga 3 , or a 3 - 7 a - G = 0, 
the three roots of which are a = 3, — 1 and — 2 ; and these 

are therefore the required multiple values of c lH when x = 0, 

dx 

V = 0. 

(G2.) The multiple values of a differential coefficient, which 
takes the form jj, may be more simply and expeditiously deter- 
mined algebraically in the following manner: 

If the particular values of the variables be x = y = b> 
first transform the given function f(x, y) by substituting 
d + <*> y' + & respectively for x and y, so as to get the equi- 
valent function in which the value of is to be obtained 

ax 

for x' = 0, y' = 0. 

This last function being arranged in the ascending order of 
degree, with respect to the variables x', y', let it be denoted 

O', + M y']/+m + [*', y'];+m+„ + &c. = o, 

where (V, is supposed to comprise all the homogeneous 
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terms of the least degree I with respect to x' and y\ (x\ y f )i+ 
the homogeneous terms of the next higher degree / -f w?, &c. 
As these functions are homogeneous, it is evident that 

. — -L l vJ/ ^^--ryw^ 

which will now represent algebraical functions of L . Hence, 

x' 

dividing the preceding equation by x\ the result may be thus 
expressed : 

+ *' m UX] + *' m+ »' Ihn] + &c. = 0. 

L * J l L * J/ + m L VJ/+m + » 

This equation, which must necessarily be true generally, 

determines *l as a function of Now, when a-' = 0, y' = 0, 

x 

the continuous value of V- is obviously ^ or ^ ; and there- 

# dir 

fore, making x' = 0 and replacing ^ by the equation for 
determining this is 

Hence the equation for determining the required values of 
is to be found by simply retaining only the homogeneous 

dx 

terms of least dimensions with respect to the variables, then 
dividing the same by a power of x' of equal dimensions, and 

finally replacing by The accuracy of the result w ill 

x dx 

evidently not be affected, should the function, which comprises 
the terms of least dimensions, at the same time involve terms 
of higher dimensions that do not admit of convenient separa- 
tion, as these will finally vanish on making x 1 = 0, y' = 0. 



Digitized by Google 



MAXIMA AND MINIMA. 



97 



This general rule will be found to apply with remarkable 
brevity and facility. 
Example. — Take that given in the last article, viz. 

7x 2 y -f x 4 = 0 to find the values of ^ when 

dx 

u = 0, y = 0. Since the particular values of the variables 

are already x = 0, y = 0, the equation does not require any 
preliminary change. The first three terms are homogeneous 
aud of the third degree, with respect to the variables ; but the 
last term being of the fourth and therefore of a higher degree 
must be rejected. Hence, dividing y 3 — 7x 2 y — 6j? s by x* 

and replacing ^ by we obtain 

x dx 



the three roots of which are the values of as before 

r ound. 



CHAPTER VI. 

MAXIMA AND MINIMA. 

(63.) The value of a function is a maximum if less values 
obtain when the variable is supposed to increase or decrease 
by small quantities. 

The value is a minimum if greater values obtain when the 
variable is supposed to increase or decrease by small quantities. 

A maximum value of a function is therefore greater and 
n minimum value is less than the values which immediately 
precede and follow it ; and thus the relative analytical applica- 
tion of the terms maxima and minima has reference only to 
the values of the function which are immediately adjacent to 
the values so designated. 

E 
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The same circumstances or conditions may recur for dif- 
ferent values of the variable, and thus a function may admit of 
several maxima and minima, and the extreme values of these 
will obviously be the maximum and minimum values of the 
function in the absolute sense of the terms. 

In some cases, however, the value of a function either 
always increases or always decreases when the variable is 
supposed to increase, and it therefore does not admit of an 
ordinary maximum or minimum according to the preceding 
definition. 

i. Functions of One Variable. 

(G4.) Let u = f(x) be a function of a variable x, and let it 
be required to find the particular values of the variable when 
the function is a maximum or a minimum. 

Supposing the value of x to change by a small quantity A, 
if/(j?) be a maximum we must have/(.r)> f(x -f A), and if 
f(x) be a minimum we must have f(x) <f(x + A), and these 
relations must be maintained whether A be positive or negative. 
Therefore, as A passes from - to +, the value of the function 
f(x) will be 

a maximum "| f continues to be negative, 

a minimum > when f(x -f* h)—f(x)< continues to be positive, 
neither J [ changes its sign. 

But, art. (45), 

f^ + h)-/(x) = hf(x-h6h). 

If the first derived function/* (x) have a finite value, it is 
evident that A may be taken so small that f(x + Bh) shall not 
change its algebraic sign when that of A changes. As this 
value of f{x + A) — f{x) will then have different signs, accord- 
ing to the sign of A, the function /(x) will in such cose be 
neither a maximum nor a minimum. 

The preceding conditions of maxima and minima will require 
that A and/* Or + 6h) shall change sign simultaneously when h 
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passes through zero. But, art. (58), when a variable quantity 
changes its algebraic sign it must either pass through 0 or 

i. Therefore we must have — =/(*) = 0 or + oo ; and then* 
0 dx 

supposing x, by increasing, to pass through its value, the 
function f(x) will be 

a maximum 1 wh du =/( gs from f + to - 

a minimum J dx I *~ to + . 

In the case f(x) = 0, by extending Taylor's series to 
another term, we have 

/(* + *)-/(*) = ^/'(« + 6h). 

Here again, if f'(x) be supposed not to vanish, the value of h 
may be taken so small that f\x + 6h) shall not change sign 
when the sign of h is changed. As A 2 is necessarily positive 
the value of f(x + h)-f(x) will have the same fixed alge- 
braic sign as f'(x + Oh) or /"(*); ana * therefore the function 
will be 

a maximum 1 h d* =ff() h t negative, 
a minimum J dx* I positive. 

r. 

Again, suppose that a value of x which makes f(x) = 0 
also causes several of the subsequent derived functions /"(#), 
f"(x), &c. to vanish, and let fW (x) be the first that does not 
vanish. Then, art. (45), 

/(* + *)-/(*) = f^777^->(* + eh). 

As /<»>(*) does not vanish, it is evident, as before, that a value 
may be assigned to h so small that fW(x + 6h) shall not 
change its sign when that of h changes. The effect upon the 
sign of h* will however depend upon whether the number n be 
odd or even. Thus we find, 

If n be an odd number, f(x) is neither a maximum nor a 

minimum, unless f^x passes through - . 

0 
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If n be an even number, 

/(*) is a ( ™* imum I if** =/(n), is / ^gative, 
• J v ' \ minimum J fan * \ positive. 

(Go.) The nature of the preceding relations, which constitute 

the theory of maxima and minima of functions of one variable, 

may perhaps be made more familiar by the following simple 

considerations : 

• • du • • 

As the derived function — =.f(x) represents the limiting 

dx 

ratio of the increment of the function to that of the variable, 

and as a decrement is indicated by a negative increment, let 

the variable x be supposed to increase continuously ; then the 

value of the function fix) will increase when/^) is positive 

and decrease when./^) is negative. 

But if/fa) increases up to a certain value of x and afterwards 

decreases, it will evidently pass through a maximum value, 

and if it decreases and afterwards increases, it will pass through 

a minimum value. The function will therefore pass through 

a maximum or a minimum value whenever the value of the 

• . da 

first derived function — =f(x) passes from -f- to — or from 

dx 

— to + respectively. 
After determining the values of x which make f'(x) = 0 and 

^_L- = 0, this last simple criterion, which is that first ob- 
tained in art. (64), will generally be sufficient to distinguish 
the maxima and minima values, if any exist ; and then it will 
be unnecessary to proceed to any derived functions beyond 

The process is also sometimes facilitated when the function 
admits of being reduced or simplified by first multiplying or 
dividing it by some constant, raising it to some power, taking 
the logarithm, or performing some other operation according 
to the particular form of the function under consideration, the 
only restriction being that this preparation of the function 
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should not disturb the general relations as to corresponding 
maxima and minima. 

(66.) The different cases specified in art. (64) may also be* 
characterized geometrically by making the variable x the 
abscissa, and the function f(x) the ordinate of a curve line, of 
which the equation is y = f(x) . Fig. 1 . 

1. If for a value of x which makes 
f'(x)=z 0, the value of/" (x) is negative, 
or if the first of the successive derived 
functions that does not vanish be of an 
even order and its value negative, the D * 
corresponding value of the functional ordinate will be a maxi- 
mum as represented in fig. 1 . 

2. If for a value of x which makes f(x) = 0, the value of 
f(x) is positive, or if the first of the Fig. 2. 
successive derived functions that does 
not vanish be of an even order and its 
value positive, the corresponding value of 
the functional ordinate will be a minimum 

" D .r 

as represented in fig. 2. 

3. If for a value of x which makes/ y (vr)= 0, also /"(.•*) 
= 0, and the value of f n, {x) is positive, or if the first of the 

Fig. 3. 



1 



7^ 



successive derived functions that does not 
vanish be of an odd order and its value 
positive, or if the first of the derived 
functions that does not vanish be of an 

even order and its value passes through i « d •* 

from — x to + oo, the corresponding value of the functional 
ordinate will be neither a maximum nor a minimum, and will 



be of the kind representelffn fig. 3. 

4. If for a value of x which makes f(x) 
= 0, also /"(*) = 0, and the value off"(x) 
is negative, or if the first of the successive 
derived functions that does not vanish be of 
an odd order and its value negative, or if 



Ficr. 4. 
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Fig. 5. 



the first of the derived functions that does not vanish he of an 

even order and its value passes through ~ from + oo to — oo , 
* 0 

the corresponding value of the functional ordinate will be 
neither a maximum nor a minimum, and will be of the kind 
represented in fig. 4. 

5. If for a value of x which makes = 0, the value of 

/(*) 

fix), as x increases, passes from -f oo to 
— oo , or if for a value of x the first of the 
successive derived functions fix), fix), 
&c. that does not vanish is of an odd order 
and its value passes from -f oc to — oo , the 
corresponding value of the functional ordi- 
nate will be a maximum as represented in fig. 5 or fig. 1 . 

6. If for a value of x which makes — — • 0, the value oi 

/(*) 

fix), as x increases, passes from — oo to 
-f oo , or if for a value of x the first of the 
derived functions fix), fix), &c. that does 
not vanish is of an odd order and its value 
passes from — oo to -f oo , the correspond- 
ing value of the functional ordinate will 
be a minimum as represented in fig. 6 or fig. 2. 




Fig. C. 




Example 1. — Divide a number a into two parts, such that 
their product shall be the greatest possible. 

Let x be one of the parts, and a — x the other ; then 
fix) = x (a — x) = ax — x* is required to be made a maximum ; 

fix) = a — 2x put = 0, gives^= \a. When x is less 
than | a the value of fix) is +, ara when x exceeds \a the 
value offix) is — ; hence, when x passes through its value, 
fix) passes through + 0 — , which indicates that the value of 
the function first increases and then decreases, and therefore 
passes through a maximum, the number being then equally 
divided. 
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Example 2.— If u =f(x) = 2x* — 9ax 2 + \2a*x — 4a*; 
then 

~=f(x) = 6* 2 -18ar + 12a 2 = 6(*-«)(*-2a) = 0 • 

gives j? = a and ,r = 2a. When x passes through the first of 
these values, f'(x) passes through -|- 0 — , which indicates 
a maximum, and when x passes through the second value, 
f{x) passes through — 0 -f , which indicates a minimum. 
Therefore, when x = a, f(x) = a s a maximum, and when 
x = 2a 9 J\x) = 0 a minimum. 

Ex. 3.— If u - b + (x - a)* ; 

du • JL 

then ^ =f(x) = 4 (■*— «) 3 = 0 gives # = «, and as .r passes 

through this value, y%r) passes through — 0 +, which indi- 
cates a minimum of the kind represented in fig. 2. 

Ex. 4.— If « = 5 + (jf— a)*; 

then *L= /W = | (*-«)* = 0 gives * = «. As x passes 

through this value, f(x) passes through -f 0 + and does not 
change sign. The value of the function therefore first increases, 
then just ceases to increase, and again increases. It is hence 
neither a maximum nor a minimum, hut of the character 
shown in fig. 3. 

Ex. 5.—lfu = b -j-^-a)!; 

then ^ = f(x) = % (x — a) which = go when x = a, and 
dx 

as x passes through this value, f'(x) passes through — oo -|-, 
which indicates a minimum of the kind represented in fig. 6. 

Ex. 6. — Required the height (x) at which a light should he 
placed above a table so that a small portion of the surface of 
the table at a given horizontal distance (a) shall receive the 
greatest illumination from it. 

If <p denote the angle under which the rays of light meet the 
given surface, the degree of illumination will vary as the sine 
of this angle directly and the square of the distance (r) inversely. 
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But ,, = a , + „, and sin * = f = i .-. ^ } j 

must be a maximum; or, 'taking the logarithm, the value of 
log* — f log (a 2 -f.r 2 ) must be a maximum. Denoting this 
Inst function by«, we have 

du__\ 3* a 2 -2* 2 

dx x a 2 + x 2 tf^ + j?*)' 

which = 0, when j = cv|» and as passes through + 0—, 
the value of the function is then a maximum as required. 

7. If a — f x ; then when x = cr, u = J a maximum, 

and when j?= — a, m = — J a minimum. 

8. Of all rectangles of a given area, a square exhibits the 
least perimeter. 

9. If m = x s — 3aj? 2 + 4a 3 ; then x = 0 gives h = 4a 3 a 
maximum, and x = 2 a gives « = 0 a minimum. 

10. If?<=.!2£5 ; then when x = e, u = 1 a maximum. 

x e 

11. If« = r rm ; then ,r = e m makes m = e"* a maximum. 

12. If U — ; ; wT | — v : 

then .r = \/ab makes u = , -7 — 1 — ttto a maximum. 

13. If u = cos 3 j sin *; then cos 8 * = J, sin 2 * give 

3 

w = ± v3 a maximum and a minimum. 



11. Functions 0/ Two Variables. 

(67.) Let u = /(*, y) be a function of two variables x and y. 
When the value of u is a maximum we must have f(x, y) 
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>/fa + h, y -f k), and when it is a minimum we must have 
j\x> y) < f(x + h,y + k), and in either case this relation must 
remain unchanged whatever may be the algebraic signs of 
h and k = ah. Therefore, for all combinations of values and 
algebraic signs that can be given to the small quantities h and 
k = ah, if for brevity we put 

A* + h > y + a *) -A*> y) = 5w > 

the value of the function u will be 



a maximum 1 f continues to be negative, 

a minimum S when d« ^ continues to be positive, 
neither J [ changes its sign. 

But, art. (47), we have 



eh 

eah. 



When the value of this expression continues to be of the 
same algebraic sign, the value of the factor contained between 
the brackets, which corresponds to x + 6h, y + Bah, must 
change sign with h, and this change of sign must occur when 
h = 0, or when x -f Oh, y -f adh become x, y. Therefore, as 
the value of a is arbitrary, we must then have 



unless one or both of these partial differential coefficients should 

pass through the value x with corresponding algebraic signs. 

These two equations or conditions will determine the particular 
values of the variables. 

To ascertain further regarding the algebraic sign of the value 

of &u when (jj^j — 0 and = ®» tne expansion of 

f(x + h, y + ah), art. (47), be extended to another term ; 
then, as the term of the first order in h now vanishes, we 
obtain 



8 " - S { (§) + 2 - + ° 2 ($) } ; : 



M 

6a'i. 



E O 
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If the second differential coefficients do not severally vanish 
and their relative magnitudes be such that the value of 

(51) + 2 ■ + ° 2 W) 

shall not vanish but continue of the same sign for all values of 
a, it is evident that h may be taken so small that the value of 
bu will always have a corresponding sign, which will not change 
with that of h. For brevity let this expression be denoted by 

(A) + 2(c)a+ (B)a 2 ; 

then when a = 0 its value will be A, and, when the arbitrary 
quantity a, which is unrestricted in value, is made indefinitely 
great, its algebraic sign will be determined by that of B. The 
differential coefficients represented by A and B must therefore 
have like signs, and for all other values of a the expression 
must retain the same sign. By putting the expression under 
the equivalent form, 

*{(>-i«y + W . 

it becomes evident that it will necessarily have the same sign 
with the coefficient A when the value of AB — c 2 is positive, or 
AB > c 2 ; that is, 



/d 2 u\/d 2 u\^/ d 2 u \ 2 
UVUV \dxdy)' 



This is Lagrange's Condition of maxima and minima, and 
when it is satisfied the value of the function u will be 



a maximum f ^ ^ __ / d 2 u\ . f negative, 
a minimum \ ^ ' J \ positive. 



(d~u\ /d 2 u\ 
^ j and {-) have different signs, or if 

Lagrange's Condition be otherwise unsatisfied, the function 
is neither a maximum nor a minimum. Also if the values of 

x and y which make (^j^ = 0, ^j^j = 0 should happen to 
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cause the second differential coefficients 

to vanish, it may be shown, as in art. (64), that a maximum or 
minimum value of the function will require that the first set of 
differential coefficients that do not vanish be of an even order. 

in. Functions of Three Variables. 
(68.) Let u = f(x, y, z) be a function of three variables 
x, y, and z. 

When u is a maximum f(x, y, z) > f{x + h, y + h, z + 1), 
and when it is a minimum /(x, y, z) <,f(x + //, y + h 2 + 0* 
where the symbols h, k = ah and 1 = ph denote small changes 
in the values of the variables. As in the last article, the 
values of x, y, z which maintain either of these relations 
must be found amongst the systems determined by the 
equations 

£)-* (IH (£)=»• 

excepting, as before, the occurrence of infinite values. 

If the second differential coefficients do not vanish, h may 
iq taken so small that the value of 

Bu =/(* + h } y + ah, z + 0 y, z) 

shall have the same sign as the expression 

and not change its sign when that of h changes. For a 
maximum or a minimum therefore it will be essential that the 
value of this expression be either always negative or always 
positive, whatever values be given to the arbitrary quantities 
a and ft which are wholly unrestricted. To facilitate the 
determination of the requisite conditions amongst the coeffi- 
cients, let the expression be more briefly denoted by 
c = (A) + (B) fl «+ (C) fi*+2(a)ap + 2(*)0 + 2(c) « 



( 



dx°-)> \dxdy)' VyV 
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and by putting it under the equivalent form 

it is obvious that it will always have the same sign with the 
coefficient A, provided that the value of (AB — c 2 ) a 2 + 
2(Aa— bc)a$ -f (AC— 6 2 )0 2 be always positive, and this will 
be the case when AB-c 2 and (AB— c 2 )(AC— 5 2 ) — ( Aa —be) 2 
are both positive, or AB>c 2 and (AB — c 2 )(AC — 6 2 ) > 
(Aa — be)*. There are therefore two conditions of maxima 
and minima, viz. 

/<Fu\/d*u\ / rf g n \ 2 

«rf 3 ti\/rf 8 «\ /rf 2 tf\n r /d*u\/d*«\ / d*u \»i 
dx*)\dy*) \dxdy) J I \dx*)\dz 2 ) \dx dz) J 

!> / /<**A/ <* 2 « \ / rf 2 « \ / rf 2 t* \ 1 2 

* When floM of these conditions are fulfilled, the function u 
will, as before, be 



a maximum 
a minimum 



( if ( A >=(S) is { n pSte e : 



(69.) The conditions may be otherwise obtained in a 
symmetrical form, and the extreme value of c determined as a 
maximum or minimum value of a function of two variables 
a, j9. Thus we have 



(£)- 



= 2(Ba + a0 + c) =0 (1) 

2 (Q3 -f aa + b) = 0 (2) 



(£)-«* (»)-«- 

* The first of these conditions is as essential as the second, although it 
is commonly neglected by writers on this subject 
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Hence (67) if BC> a 2 the value off will be 



a maximum 
a minimum 



) if A, B, and C are ( ne 6»* ive ' 
J L positive ; 



so that if this value have the same sign as A, B, and C, all the 
values of * will have the same sign. From equations (1) an ] 
(2) the values of a and £ which determine this value of c are 

— g & ~~ a _ ac — Bb 

a ~ BC-a 2 ' ~ BC-« 2 ' 

For simplification, previous to the substitution of these values, 
multiply equation (1) by a, equation (2) by ft and add the 
results, and Ba 2 + C/3 2 + 2aa/3 + 50 + ca = 0. These 
terms being therefore omitted in the expression for r, it 
becomes e = A -f bp + ca, in which, now substituting the 
particular values of a, /3, we get 

, ABC / a 2 V*_ c*_,2abc 
€ BC-a 2 V BC ~~ CA " AB + ABC (3) ' 

When this extreme value of e is of the same sign as A, B, and 
C, we have therefore the symmetrical condition 

a 8 6 2 c 2 2abc 
1 *~ BC CA AB + ABC > 0 • • • ( 4 )« 

Also, putting 

cos 2 * = i g, cosV=^l, cos 2 *- *±. . . (5), 
the value of e becomes 

C = L-j (1 — C08 2 <f> — C06*<f> — COS 5 ^)"^- 2cOS$C08<£' COS*"). 

sin 2 <£ 

But if <£, <(>', (j>" denote the sides of a spherical triangle, and 
o>, a>" the perpendiculars upon them from the opposite 
Ugles, this last expression, by spherics, is equivalent to 

c = (A) sin 2 o) = sm2o) ? 

% h 2 h 2 /d' 2 u\ . 2 
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which, for a given small increment h and arbitrary small in- 
crements k and Z, represents the least possible value of bu when 
considered apart from its algebraic sign. 

Similarly, for a given small increment k and arbitrary small 
increments I and h the least possible value of bu, or the value 

that approaches nearest to zero, is bu =f2\^2/ sm ; 

and for a given increment I and arbitrary increments h and k, 

. _ P /d?u\ . 2 „ 
ltls5M = - 2 (^) SmV ' 

We also here conclude that the conditions of maxima or 
minima, with respect to the value of the function i/, will be 
definitely indicated by the values of the angles <£, <j>', </>" given 
by equations (5). These conditions will be : 

1 . That the values of the angles be real. 

2. That their relative magnitudes be such as to admit of 
being made the sides of a spherical triangle, which will simply 
require the value of each of them to be less than half their 
sum. 

For functions of two variables there will be only one angle <f>, 
and the analogous condition will only require that the value of 
this angle be real. Also the values of bu nearest to zero for a 
given value of h with k arbitrary and for a given value of 

k with h arbitrary will then be bu = (jjfy sm2 # ana " 

k* (d*u\ . o , 
bU = L2 \W0 Sm 

The form of the condition (4), for three variables, is equiva- 
lent to that first obtained, since (AB - c 2 ) (AC - 6 2 ) - ( Aa - be)* 
= A(ABC-Aa 2 -Bi 2 -Cc 2 + 2abc)>0, which divided by 
the positive factor A 2 BC gives (4) . Also when the values fulfil 
the condition (4) and any one of the three conditions AB> c 2 , 
BC > a\ AC > b 2 , the other two will necessarily follow. 

In conclusion, it may be as well to observe that the conditions 
and criteria of maxima and minima here investigated, though 
occasionally indispensable, are not often required, as the general 
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circumstances are in most cases sufficiently indicated in the 
nature of the problem, and it is then only requisite to solve 

the equations = ®> (^) 53 ^ (jjz) = ^ *° r tne determi- 
nation of the variables. 



CHAPTER VII. 

PROPERTIES OF PLANE CURVES. 

I. Quadrature and Rectification. 

(70.) The theory of plane curve lines forms a leading subject 
in Analytical Geometry of Two Dimensions, and the investi- 
gation of the various properties is generally found to be con- 
venient and symmetrical when the positions are referred to 
rectangular coordinate axes. 

In the annexed diagram let Ox, Oy represent the positivo 
directions of the axes ; then, OD = ,r, 
DP e= y being the two coordinates of the 
point P, the curve which is the locus of P 
is determined by an equation 

y = (f>(x), orf(x, y) = 0. 

Suppose x and y to receive the increments A*r and Ay, and 
let the new coordinates OD' = x 4- A*, D'Q = y -f Ay de- 
termine a second point Q, so that DD' = PG = Aa? and 
GQ = Ay. Then if A denote the function which expresses 
the value of the area contained between the ordinate, the 
curve, and the axis of x, the curvilinear area between the two 
ordinates DP, D'Q will geometrically represent the value of 
AA, and it is evident from the diagram that this value of aA 
will be comprised between the two rectangles yAr and 
(y + Ay) Ax, being greater than one and less than the other ; 
AA . 

•\ — is comprised between y and y + Ay. Hence, proceed- 

A«Z* 
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ing to the continuous values at the limit when Ax = 0, we 
obtain 

= y, or dA = vdx. 

ax 

As this relation must correspond with the differentiation of 
A as a function of x, it is evident that the determination of A 
from it will be the inverse process to that of differentiation . 
This inverse process is called Integration, and is usually 
indicated by prefixing the symbol /, thus 

A =fydx. 

The method of obtaining the value of this integral is the 
province of the Integral Calculus ; and, when taken between 
given limits, it will express the area contained between the 
corresponding ordinates. 

(71.) Again, let it be required to express, by means of 
infinitesimals, the area contained between the curve, two given 
ordinates y 0 , Vm> and the axis of x. 

Suppose a number m — 1 of equidistant ordinates y,, y a , 
y3 • • • • ym-i to be inserted between them, and let dx be the 

common difference of the abscisses x 0i x lt x q x m . For 

brevity let (y 0 y x ) denote the portion of area contained 
between y 0 , y lt the axis of x and the curve, and the same 
for the other ordinates. Then it is evident tbat 

(y<>yi) wiu De comprised between y 0 dx and y x dx 
(ViV%) » ; > " Vidx „ y % dx 

(y a y 3 ) » » » y 2 (Ix » y* dx 

&c. &c. &c. 

(ym-iym) » » « ym-idx „ y m dx. 
Hence, if 

2ydx=zy Q dx + y x dx + y 9 dx + ym-idx, 

the sum of these relations proves that the total area (y 0 y m ) will 
be comprised between 2ydx and lydx + (y m — y Q )dx. 
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If we now suppose the number m — 1 of intermediate 
ordinates to be increased without limit, dx and (y m — y 0 ) dx 
will decrease without limit, and therefore 2ydx will approxi- 
mate to the proposed curvilinear area as its utmost limit ; 
that is, 

» 

A = lijdx. 

But we have seen that this curvilinear area is expressed by 
the integral fydx. Therefore 

fydx = 2ydx. 

Hence it appears that every integral fydx expresses that 
value to which 2ydx approximates as its ultimate limit, on 
increasing indefinitely the number of subdivisions dx, both 
being estimated between the same limiting values of x. This 
character of an integral presents to the mind a clear view as 
to the result of a process of integration, and the area of a curve 
offers the most simple geometrical representation of the pro- 
cess. When dx is taken indefinitely small so as to be con- 
sidered as an infinitesimal, called an element of x, each of the 
terms ydx of lydx is a similar element of the area; and we 
have shown that the nearer the values of these elements are 
taken to zero, the more accurately will they represent the 
relative changes of their respective primitive quantities, and 
the more accurately will a succession of them compose those 
quantities so as to form a continuous result. The idea of 
elements greatly facilitates our reasonings in the higher 
applications of the Differential and Integral Calculus, and 
gives to the mind the most ample scope in geometrical and 
physical researches, whilst a strict adherence either to the 
principle of derived functions or to what is usually called the 
theory of limits, which some authors rigidly contend for. 
would render many investigations exceedingly cramped, and 
others almost impossible. 

(72.) If a right line rs which passes through the two points 
P and Q be supposed to revolve about the point P so that the 
intersection Q with the curve may proceed towards P, it has 
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been shown, art. (9), that when the point Q arrives at the 
point P or when the distance PQ becomes an infinitesimal, 
the corresponding continuous position of the line rs will 
ultimately coincide with the tangent TP which touches the 
curve at the point P, and that the infinitesimal line PQ 
becomes then an element of the arc of the curve. These 
considerations are equivalent to that of conceiving the tangent 
to be a line which passes through two points of the curve 
that are infinitely near to each other. Let s denote the length 
of the arc from a given point in the curve to the point P; 
then will dx, dy, and cfe symbolize the relative infinitesimal 
values of PG, GQ, and PQ. But PQ 2 = TG Z + GQ 2 ; 

ds* = dx* + dy 2 



and ^ =y s/dx* + dy 2 = fdx /\J I + • 

When y is known as a function of x, explicit or implicit, 
this expression serves to determine the length or rectification 
of the curve ; but the inverse operation of integration, indi- 
cated by /, will require the aid of the integral calculus. 

ii. Tangent and Normal. 
(73.) Let » denote the angle PTD or the inclination of the 
tangent with the axis of x; then, from what precedes, we 
have, as before deduced in art. (9), 

tan &) = — • 
ax 

If a, /3 be the coordinates of any point in the tangent PT, 
this gives 

a — X dx 

therefore the equation to the tangent is 
fi-y = g(a-*). 
The normal PN being perpendicular to the tangent, if a, & 




a o d m 
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be the coordinates of any of its points, its equation is hence 

dx 

! ?-y = - Iy (»'-*)■ 

Hence if p denote the perpendicular O H from the origin 
upon the tangent and p' = PH that upon the normal, we 
shall have 

xdy —ydx . xdx + y dy 

p=s — _ — , p = — _ — 

Also, if a", /3" be the coordinates of any point in the line 
OH drawn through the origin perpendicular to the tangent, 
the equation to this line is 

P dy 

off 

Again, since tan a> = and <h 2 = dx~ + dy 2 , we have 

dx t . dv 
cos 03 = — , and sin a> = JL ; 

ds ds 

PT = tangent = = 

sm o> dy 

PN = normal = = **, 

cos o dx 

DT = subtangent = = , 
° tan a) efy 

DN = subnormal = y tan 0, = ^. 

(74.) When the equation of the curve is of the form 
u = f(x t y) = 0, the differential elements dx, dy will be 
connected by the corresponding differential equation 

Therefore the elements dx, dy, and ds will have the same 
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mutual proportions as the respective quantities 

(*\ - (*) and aA?)' + m 
\dyj \dxj V \dxj \dy/ 

and by replacing them by these quantities the preceding 
relations, and any formulae involving the ratios of the elements, 
will then become adapted to the case in which y is an implicit 
function of x. 

The equation to the tangent, under this form, is thus 

(b)<— ) +<$)*-* -«■ 

and it is therefore to be practically obtained by this simple rule : 
Differentiate the given equation of the curve, u = f(x, y) = 0, 
and write a — x, j9 — y in place of dx and dy. 
Also the equation of the normal is 

(*)«-.>-(*>,-„-* 

Example. — The equation to an ellipse when referred to its 

• • • x v 

centre and principal semidiameters a, b, is — + J — = 1 . 

By differentiating, this gives ^ 2 dx + p dy = 0 ; 

' ' dx~ a~y dx a 2 y 

ds \/ a 4 y- + ^ 4 x- 
rfy * # 2 ,r 

angent = * * normal = ^ > 

a 2 v 2 , b 2 

jibtangent = — and subnormal = — —x. 
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Also, the equation to the tangent is 

^(a-*) + - y) = 0, or 4 2 a + = 1; 
and the equation to the normal is 



fa V - *> - i V - y) - 0, or 7 a'~ ^' = « 2 - 



III. Asymptotes. 

(7o.) Two curves or a curve and straight Hue are mutually 
asymptotic when they continually approach indefinitely nearer 
and nearer to each other, but do not meet at any finite distance. 
By an asymptote to a curve we generally understand a straight 
line, such that if it and the curve be indefinitely continued 
they will thus continually approach each other but never 
meet. It may therefore be considered as a determinate 
tangent to the curve when the point of contact is removed 
to an infinite distance. 

The position of the tangent to the curve is geometrically 
determined when the intercepts OT, of the coordinate 
axes are known. 

In the equation of the tangent, 
art. (73), make fi = 0, and we shall 
find the intercept of the axis of x, 
between the origin and the tangent, 
to be* 

0 dy dy 

Also, by making a = 0 we similarly find the corresponding 
intercept of the axis of y to be 




t a o 



0, 



Q t _ x dy xdy—ydx 



dx 



dx 



* In the diagram, OT being in the contrary direction to Ox must be 
iccounted a negative quantity, and equal to OD-DT. 
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If, when x = oo or y = go , either of these values of a Q aud 
£ 0 should be finite, the curve will have one or more asymptotes 
which will thence be determined. 

When a 0 is infinite and /3 0 finite the asymptote is parallel to 
the axis of x. 

When a 0 is finite and p 0 infinite the asymptote is parallel to 
the axis of y. 

When a 0 and £ 0 are both finite the asymptote passes through 
the two determined points T, t. 

When the values of a 0 and /9 0 are both = 0 the asymptote 
passes through the origin, and its direction will be determined 

by the value of -2 when x = go or y = co . 

But when the values of a 0 and 0 O are both of them infinite, 
the tangent is at an infinite distance from the origin, cannot 
be constructed, and is not an asymptote. 

The asymptotic branches of the curve will, with few ex- 
ceptions, be analogous to one or other of the forms exhibited 
in the annexed diagrams, and will only differ with respect to 
relative situation. 




These diagrams, for example, may be considered to represent 
the general features of the respective curves determined by 
the equations 

Va + x a 3 , a 3 

' y=--,andy = - 3 . 

When the axes of coordinates or lines parallel to them are 
asymptotes to a curve, the circumstance will at once be 
indicated as follows : 

If, when y = 0, x = go , the axis of x is an asymptote ; and 
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if, when x = 0, y = oo , the axis of y is an asymptote. Such 
is the case with the curve whose equation is xy == a 2 . 

If, when y = b, x = oo , a line parallel to the axis of x, at 
(he distance y = b, is an asymptote ; and if when x = a, 
y = oo , a line parallel to the axis of y, at the distance x = a, 
is an asymptote. Such is the case when the equation is 
xy — ay — bx ss 0. 

In other cases the position of the asymptotic tangent, if any 
such exist, will be ascertained by determining as before the 
values of the intercepts a 0 and £ 0 . 

(76.) The practical calculation of the values of /3 0 and 
of the equation to the asymptote may be considerably facilitated 
by putting the expressions under the following form : 

Now since - — - = ^, where a, 0 are the coordinates of any 

point whatever in the tangent, if when x = oo , y = oo this 
tangent be an asymptote and pass at a finite distance from the 
origin, this point can be taken so that a and £ shall be both 

v dy y 

finite, and the relation then gives - = . Let therefore * 



dx 

= t and -~ v \ then £ 0 = — , and the equation to the tan- 



dy 

gent when it becomes an asymptote is y = 3 0 + ^ x — 

£ 0 + fa". Hence the following easy rule : 

In the given equation of the curve substitute x = - and 

y = . and, after reducing the equation so obtained in t and r, 
v 

dt 

determine from this equation the values of t 0 and j3 0 = — ^ 
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when v is made to vanish ; then, if the value of j8 0 be finite, 
the equation to the required asymptote is 

If by making t = oo we obtain a finite corresponding value 
of v, this will determine an asymptote parallel to the axis of y 

at the distance x = 

v 

Example 1. — Let the equation to the curve be xy—ay—bx 

= 0 ; then substituting I and - for x and y, and reducing, we 

v v 

obtain 

t-avt-bv=0, 

Therefore, making v = 0, we get t 0 = 0 and 0 O =s b t and 
the equation of the asymptote is y = b, indicating that it is 
parallel to the axis of x at this distance. 

By making t = oo we get v = 1; x as a is another 

asymptote and is parallel to the axis of y. 

Example 2. — Let y 3 -f x s —axy = 0 ; then substituting as 
before we get 



(IV 



Hence making v = 0 we obtain £ 0 = — 1 and 0 O = — , 

and the equation to the required asymptote is therefore 

a 

3. The curve + 1) y =s (x—l)x has an asymptote de- 
termined by the equation y = x— 2. 

4. The curve y 3 — «x 2 + a? 3 = 0 has an asymptote deter- 

a 

mined by y = - — 

5. The curve y 3 — 2.ry 2 x' 2 y = a 8 has two asymptotes, 
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viz. the axis of x and the line y = x, which makes equal angles 
with the coordinate axes. 

6. The curve xy 2 — y = x s + 2 ax 2 + bx + c has three 
asymptotes, viz. the axis of y and the two lines y = x + a and 
y = — # — a. 

» 

iv. CVrc/e o/^ Curvature. 

(77.) A tangent to a curve may be conceived to be a line 
drawn through two of its points which are indefinitely near to 
each other ; and these points being considered as the extremi- 
ties of a differential element of the curve, it is evident that 
the first differentials of the coordinates which appertain to 
the tangent will correspond with those of the curve at the 
point of contact. 

Similarly, the circle of curvature or the osculating circle 
may be conceived to be that circle which passes through 
three consecutive points of the curve which are indefinitely 
near to each other, the position and magnitude of a circle 
being determined when three of its points are known. 

These three points being considered as the extremities of 
two successive differential elements of the curve, it is evident 
that both the first and second differentials of the coordinates 
which belong to the circle and curve must correspond at the 
point of contact. 

Let x", y" be the coordinates of the centre of the circle, 
and x—x", y—y" will be the two lines drawn from it respect- 
ively parallel to x and y and terminating in the circumference 
at the point of contact ; hence, denoting its radius by p, its 
equation is 

Now since this circle corresponds with the curve at two 
other points contiguous to the point of contact, we may dif- 
ferentiate twice and consider the first and second differential 
of the ordinates x } y as agreeing with those of the curve. 

F 
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Hence differentiating, observing that in proceeding to these 
points x", y" remain invariable, we get 

da (*-*") + dy (y-y") = 0, 

d 2 x (*-*") + d 2 y (y-y") + <fe 2 = 0 ; 

where ds 2 = tf,r 2 + tfy 2 , art. (72), 5 denoting the length of the 
curve. The first of these two equations requires the centre of 
the circle to be situated in the normal, and the second com- 
pletes the determination of its position. Thus, from the two 
equations we deduce 

„ _ — - dy ds 2 ,/ . .. dxds 2 

* * ~~ dyd 2 x-dxd~y V V ~ dy d 2 x-dx d' 2 y 

Therefore, substituting these values in the equation p 2 

= (*-*")* + (y-y") 2 > we find 

P ~~ dyd 2 x—dxdry " 

Having proceeded on the principle of general differentiation 
in obtaining this expression for the radius of curvature, we 
may hereafter assume an independent variable at pleasure. If 
we consider the axis of x to be horizontal, the value of the 
radius will be positive when the convex side of the curve is 
presented uptoareh, and it will be negative when the convex 
side of the curve is presented downwards. 

(78.) The value of the radius of curvature may be otherwise 
determined by conceiving the centre of the circle to be the 
intersection of two normals drawn from 
two points which are indefinitely near 
to each other. Let PR, PR be two 
consecutive normals meeting in R, the x» 
centre of curvature, the element PP' 
of the curve being ds. Let also two 

tangents be supposed to be drawn at P and P', the former 
making an angle <•> with the axis of x. Then, as © is decreas- 
ing, the angle included by the tangents will be— da>> and this 
must evidently be the same as that included by the normals. 
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We have thus PR = P'R = p, PF = ds, and the aDgle 
PRF = - dco. 

.'. — pdco = ds 

j ds 
and p = — — . 

dco 

But, art. (73), tan m = ~ ; and hence, art. (29), 

d-l dx' 1 d d -Z 
A = ^ tan g dx ' dx 

" 1 + tan 2 *, - dp ~ dP 

Therefore, by substitution, 

p = _ ds* _ ds* 

dx 2 .d^ dyd°~x-dxdY 
dx 

By making x the independent variable, or supposing dx to 
be constant, this becomes 



p= _ ds* __\ l+ dx*) 



dxd 2 y d 2 y 

dP~ . 

•which is the formula mostly employed in calculating the radius 
of curvature. The measure of the curvature of the curve at P 

will be the reciprocal of this radius, or - , being the same as 

P 

that of the circle. 

Differentiating the equation dx* -f dy 2 = ds~, we have 

dx d 2 x + dy d 2 y = ds d~s ; 
0 = (dx d 2 x + dy d 2 y) 2 - (ds d 2 sf. 

Adding (dyd 2 x— dxd 2 y)~ to this, the result is 

* (dyd*x-dxd 2 y) 2 = ds 2 {(d*x) 2 + (d 2 y?-(dh) 2 } 

ds* 

'"' p "v{(^) 2 + ( rf2 y) 2 -(^) 8 }' 
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and, making 5 the independent variable, this becomes 

_ ds~ 

p ~ V{(<* 2 *) 3 + W}' 

which is a symmetrical form of expression for the radius of 
curvature. 

Example 1. — Find the radius of curvature at any point 

£ 2 y 2 

in an ellipse whose equation is ^ -f- ~ =1. 

Making x the independent variable, we have 
dy _ __b*x ftnd ^y_ _ b 4 



dx a 2 / dx*~~ «V 



Example 2. — In the cycloid, taking the vertex as the origin 
of coordinates, 

y = \/2ax — x 2 + a vers" 1 ? ; 

a 



dy . /2 a — x d 2 y 



a 



dx v x dx* xs/Zax — x*' 

,\ p = 2 \Z'2a(2a — x). 
Example 3. — In the parabola y 2 = 4m,r, 

Example 4. — In the rectangular hyperbola, referred to its 

r 3 

asymptotes, 2*ry = a 2 , p = — — , r being the line drawn from 

a~ 

the origin to the point in the curve. 

Example 5.— In the conjugate hyperbolas — — |^ = + I, 

(« 4 y 3 + b 4 xrf 

— l^yr — 
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Example 6. —In the catenary y 




_3 Q 2. 

Example 7. — In the hypocycloid x' 6 + y 3 = a 3 , 

p = — 3 (axy)^. 

v. Evolute and Involute. 

(79.) If we suppose the point P to pass continuously 
through every point of the curve, the corresponding positions 
of the centre R of curvature will trace out another curve. 
This curve, which is the locus of the point R, is denominated 
the evolute of the proposed curve, and conversely the proposed 
curve is its involute. If the normal PR he supposed to move 
along with the point P, it is evident that the locus of the 
consecutive intersections R will be that curve to which the 
normal is always a tangent. This is rendered still further 
evident by considering it inversely: thus, by supposing a 
tangent to roll over a curve line, its successive indefinite inter- 
sections will obviously be the points of contact and therefore 
trace out the same curve. Hence a tangent drawn to the 
evolute at any point coincides with the radius of the osculating 
circle drawn to the point of contact. The equation of this 
tangent, art. (73), gives 

dy"(x - *") - dx" (y - f) = 0. 
Differentiate the equation 

(* - *") 2 + <y - y v ? = ?\ 
supposing x", y", and p to vary, and we have 

(dx - dx") (x - x") + (dy - dy") (y - y«) = pdp ; 

but, x", y" appertaining to the normal of the curve at the point 
xy, we have by its equation 

dx(x-x') -f e/y (y - /') = 0, 
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which rejected and the signs changed, we get 

W(x - *") + dy" (y - y") = - pdp. 

From this and the preceding equation to the tangent to the 
evolute we find 

j & ii j d v" 

= - pip -I?? y-y =-p rf p^> 

* 

where ds"* = dx"* + r/y" 2 , s" being the arc of the evolute 
from any given point. 

. These values of x — x" and y — y" being substituted in the 
equation p 2 = (x — x") 2 + (y — y") 3 > we get 



P 2 =P 2 J^ or <fc" 2 = </> 2 ; 



where p 0 is the radius of curvature corresponding to the given 
point from which s" is estimated. 

Hence the length of the arc of the evolute between any two 
points is equal to the difference between the radii of the 
corresponding osculating circles. 

From this elegant property it follows that the original curve 
may be described by the unwinding of an inextensible thread 
from off the evolute. Thus if the normal or radius of 
curvature AQ be conceived to be a thread extending round 
the evolute QR, it is obvious that 
by unwinding this thread, keeping 
AQ always stretched, the point A 
will trace out the curve AB, and 
the unwound portion of the thread 
having passed from AQ to PR, 
the intercepted arc QR of the 
evolute will be equal to PR — A Q. 

Considering the evolute as a primitive curve, its involute is 

thus described. 

(80.) For the determination of the equation of the evolute 



H 





D 


\ M 
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to any proposed curve we have, art. (77), the following ex- 
pressions for the coordinates of the point R or of the centre 
of curvature, viz. 

* - X +dyd*x-dxd*y- X + P ds' 
„ ^ dx ds 2 dx ( 

V ~~ y ~dy d 2 x — dxd 2 y~ !/ ~~ P ds ; 
or, making x the independent variable, 

dxd 2 y dx d 2 y 



dx* 



1-f f ^ 
ds* 1 + dx 2 



y" = y + -to- = y + 



d 2 y * fy 

dx 2 

By means of these and the equation of the curve AB, if the 
ordinates xy and their differentials admit of being eliminated 
an equation will thence be found expressing the jelation 
between x" and y", and will be that of the evolute. 

Let the equation of the evolute be given to find that of its 
involutes ; then since p = p 0 -f s' and dp = ds", the values of 
x — x",y — y", art. (79), give 

x = *>> - ( Po + a") y = f - + O g, 

which being calculated in terms of a?" and y 7 , if these variables 
can be eliminated, the resulting equation in x and y will be 
the required equation to the involutes, p 0 being an arbitrary 
constant. 

Example 1. — Determine the evolute of the Ellipse whose 
equation is 

Taking x as the independent variable, 

dy ___b~x <Py Zr*_ t 

(to ~ a 2 y' <fo 3 a 2 y 3 ' 
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ft 2 — b~ ft 2 — £ 2 * 

x" = g4 J j and t/"= IT ; 



* = fl (^a~p) J y = - * ^T~iz) 9 and by substitu - 

tion the required equation of the e volute is 

(&y")* = (« 2 - 
Example 2. — The evolute to the parabola y 2 = 4 mm? is the 
semieubical parabola 27my" 2 = 4 — 2wi) 3 . 

Example 3. — The evolute to the rectangular hyperbola 

xy = or is (*" + y")* - (V - y")* = (4 c)* 

«r 2 v 2 

Example 4. — The evolute to the hvperbola — — 1 

is («*")*- (V)* = (« 2 -h **)*. 

Example 5. — The evolute to the cycloid y = \j2ax — * a 
x • • 

■+ fl vers -1 - is a cycloid equal to the original one, but in an 
inverse position. 

vi. Position of Convexity, 
(81.) As before, let o> denote the angle which the tangent to 
the curve at the point xy makes with the axis of x ; then, 
art. (73), 

dy 

tan a) = • 

dx 

For the purpose of conveniently expressing the relative 
positions, let the axis of x be considered to be horizontal, and 
that of y vertical, the positive direction of x being to the 
right hand and the positive direction of y being upwards. 
Then the tangent being supposed to be drawn in the positive 
direction with respect to the axis of x, its inclination (o>) 
with the horizontal will be 

upwards 1 dy . f positive, 

. 1 . > when tan a> = ~- is { 1 
downwards j fAr [ negative. 
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Now, when the curve at the point P, as in the diagram, has 

its convex side upwards, the angle co 

thus estimated will evidently decrease 

d tan co •!! i 
as x increases; — - — will be ne- 

ax 

gative. 

Also, when the convex side of the 
curve is downwards, the angle co will increase as x increases, 

or ^ tano) will he positive, 
dx 

The position of convexity is therefore thus determined : 

dry . / negative \ f upwards, 

When -j4, is < . . > it is presented < / , 
dx 2, I positive J I downwards. 

In a similar manner the position of convexity with respect 
to the vertical will be determined by the algebraic sign of 
<?tan 



dy 



- y or of dy d tan co ; and 



dy d' 2 y . f positive "1 . . f to the right hand 



^ fa fa* 1S | ne g a tive lS { to the left hand. 

vn. Poin ts of Inflexion . 
(82.) "When a curve is convex downwards, or in any other 
direction, and becomes afterwards convex in the opposite 
direction, it must have passed a point of contrary flexure in 
the vicinity of which the curve will resemble the middle turn 
of the letter S. In passing through one of these points, the 

second differential coefficient < L^ i which determines the posi- 

uX 

tion of convexity upwards or downwards, must change its 
algebraic sign, and its value must therefore pass through 

Oorl. 
0 

Sr 

The condition for determining a point of contrary flexure or 
point of inflexion is therefore 

d~y 

-7-4, = 0 or co . 
/ dx 2 

T 5 
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If the value of ^1 at this point pass through — 0 + , the 



dx- 



Diagram 1. 




Diagram 2. 



inflexion will be of the character represented 
in diagram 1 ; and if it pass through -f-0 — , 
it will be as exhibited in diagram 2. These 
two forms will represent all cases of inflexion 
if they are only placed in different positions 
with respect to the coordinate axes. It is 
also obvious that the value of the angle a>, 
which the tangent RS makes with the axis of x, will be a 
minimum in diagram 1, and a maximum 
in diagram 2. 

The expression, art. (78), for determining 

the radius of curvature p, contains — \ in 

dx'- 1 

72 

the denominator. Therefore when — H 

dx' 2 

passes through 0 and changes its sign, the value of the radius 
p will also change sign by passing through -. Hence the 

reason why the formula referred to expresses the value of p 
when the convex side of the curve is upwards, and gives to p 
a negative value when the convexity is downwards. Also as 
these radii are drawn in opposite directions, the centres of 
curvature being on opposite sides of the curve, this is in 
strict conformity with the usual geometrical interpretation of 
the symbols -f- and — . 

Example. — The Witch xy = 2 a (2 ax — x 2 ) 2 has two points 

3 a 2 

of inflexion determined by x = — , y = + ^ a Vs. 

(83.) Note. — When the equation to the curve is given in 
the implicit form u = f(x, y) = 0 the values of the differential 

coefficients, of y with respect to x, used in the 

dx dx- 

preceding formulce, arts. (75) to (82), will require some 
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preliminary calculation. The consideration reouired for this 
may be obviated by expressing the formula in terms of the 
partial differential coefficients of the function u y). 
To effect this, the successive differentiation of the equation 
u = 0, art. (38), making x the independent variable and 
d 2 x — 0, gives 

(£)*+(£)♦-* 

(du\ /du\ dy 
Tx) + (dy)£ = °> 

/fu\ /d*uXdy /&u\dg* (du\dh L __ 
\dx 2 ) \dx dy) dx T VV/ W d * 2 ~ 

which are the relations connecting the values of ^ and 

dx dx 2 

with those of the partial differential coefficients of w. Hence 
we obtain 



dy ^ 
dx ~~ 



(*)' 



= _ W-Adp) " \dxdy)\dx)\dy) + V^A^/ 

W 

The substitution of these values will accomplish the requisite 
transformation. For example, the expression for the radius 
of curvature, art. (78), becomes 

= __ m+®i 

P /d~u 



3 
2 



/±u\/duY »{ d u \f (lu \{ du \ /d*u\/du\** 
\dx*J \dy) \dx dy) \dx) \dy) + \dp) [&) 
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which is necessarily symmetrical with respect to the co- 
ordinates. 

The corresponding transformation of other formulae is 
obvious and may be here left to the student. 

viii. Multifile Points. 

(84.) A multiple point is a point in which two or more 
branches of a curve meet or intersect. If it is common to 
tico branches of the curve it is called a double point; if it is 
the concourse of three branches it is called a triple point, &c. 

At a multiple point there will be a tangent to each branch 
of the curve that passes through it, and therefore the dif- 
ferential coefficient which determines the position of the 

dx 

tangent, must admit of corresponding multiple values. In 

this case the expression for deduced from the equation 

dx 

of the curve, will take the indeterminate form and its 

0 

multiple values may be obtained by either of the methods 
given in arts. (Gl) and (02). 

Let u =/(.r, y) = 0 be the equation to the curve ; then, 
art. (61), the conditions for a multiple point will be 

(i)=°. ®— 

and if, for the values of x and y which simultaneously fulfil 
these equations, the second partial differential coefficients do 
not all vanish, the point will be double and the values of 

a — f lK will be determined by the quadratic equation 

(SO ♦*<£)♦ <$)-'■ 

For the convenience of abbreviation, let this be denoted by 

(A) + 2(c)a + (B)a 2 = 0 ; 
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then the two values of a will be 



c + Vc 2 - AB 



a = 



B 



Diagram 1. Diagram 2, 




Diagram 3. 



We may hence, according to the nature of these roots of the 
quadratic, distinguish three classes of double points : 

i. If the two roots or values of a be real and unequal, the 
two branches of the curve will take 
different directions, and the point 
will be a point of intersection or 
real double point as represented in 
diagrams 1 and 2. These and the 
following diagrams may be placed 

in any position with respect to the axes of coordinates. 

ii. If the values of a be equal, the two branches of the 
curve will have a common tangent, and therefore also have 
mutual contact at the point under consideration. In this 
case if the convexities of the two branches 
be situated on opposite sides, the contact 
will be external, as shown in diagram 3, 
and the point is called a point of contact 
of the first kind or point of embrassement ; 
and if the convexities lie in the same 
direction the contact will be internal, as in 

diagram 4, and the point is then called a point of contact of 
the second kind or point of osculation. Diagram 4. 

If, however, the value of c 2 — AB under 
the radical, which vanishes at the point P, 
should change its sign and become nega- 
tive on one side of the point, the cor- 
responding value of a will be unreal, and 
therefore the two branches of the curve will be restricted to 
one side of the point, which is then denominated a cusp. 
As before, if the convexities of the two branches lie in con- 
trary directions, the cusp is of the first kind, as shown in 
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diagram 5 ; and if the convexities are in the same direction 
it is of the second land, as shown in dia- Diagram 5. 

gram 6. y 

in. If the values of a be unreal, then no 
real branch of the curve can pass through 
or meet the proposed point, which, being 
thus detached from its associated curve line, o 
is in such case called an isolated or conjugate point. 

(85.) The analytical criteria for discrimi- 
nating the character of a double' point are 
therefore as follows : 

"«-»■ (£)=»■ (3D-**. 



Diagram 6. 



I. 



When f^y./^Uo, 
\dxdy) V&V WV 




the point is an intersection of two branches of the curve and 
is a real double point. 



^ hen u*; -(spa^) =0; if> ofor p° iuts 

immediately preceding and following, it is a contact of two 
branches; if of different signs at these points, it is a cusp. 
The contact or cusp will be of the first or second kind 

d~y 

according as — ■/ for the two branches has different signs 
the same sign. If < Ll = 0, this will indicate an infii 



or 



dx 

m - when G^) 3 -(S)(S"") <o ' itisanj ' sotoec? 

or conjugate point. 

It is easy to extend the process to liigher orders of multi- 
plicity. If, for the values of x and y which fulfil the 

equations u = 0, (g) =f°*(^)=°5 

ds ° (S) = °' = °> (J) = °> and the P^- 



exwn. 
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tial differential coefficients do not vanish, then the values of a 
will be the roots of the cubic equation 

{*?) + 3 a (w y ) + 3 (s^O + « 3 Of) - °- 

If the three roots of this equation be real and unequal, the 
point will be an intersection of three branches or a real triple 
point, of which the point P in the annexed diagram, No. 7> is 
an example. Diagram ? 

If two of the roots be equal, it will be a ^ 
point of contact and intersection; if the three \N^/^/ 
roots be equal, it will be a point of double f\ 
contact; but if the equation contain a pair of 
unreal roots, then only one real branch of the curve passes 
through the point, and it is therefore in that case not a real 
triple point. 

Should the point P be a quadruple point, as in diagram 8, 
the third partial differential coefficients will 
also vanish, and the values of a will be deter- D i agrara * 
mined in like manner by an equation of the 
fourth degree. 

Since an algebraic equation of odd dimen- 
sions must necessarily have at least one real 
root, it is evident that a conjugate point can only occur when 
the-degree of multiplicity is even. 

(86.) An examination of the character of multiplicity of 
any proposed point of a curve may in general be more readily 
effected by a method analogous to that given in art. (62), for 

- 

determining multiple values of % when of the form -, and 

dx 0 

which we shall here repeat with a slight modification. 

Let the coordinates of the point P be x = a, y = b ; then 

if in the equation of the curve x and y be replaced by a + x*, 

b + y', we shall have an equation in which y' are now the 

coordinates of any other point P' in the curve estimated from 

the proposed point P as a new origin. In this equation make 
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y = fix' ; then dividing throughout by the power of x f that 
may he common to the several terms, we shall obtain an 
equation 

<f>(x', 0) = O, 

in which 0 will denote ^ or the tangent of {he angle which 

x 

the chord PF makes with x', and when x f is made = 0 the 
corresponding values of /3 0 given by this equation will evidently 

be those of and the number of such values will, as before, 
dx 

determine the multiplicity of the point. 

Also, by giving to x' a small positive or a small negative 
value, we may ascertain the number and situation of the 
corresponding points P' in the immediate vicinity of P on 
cither side. 

Since y r = we have, by differentiating with x ! as the 
independent variable, 

therefore at the point P, where x r = 0, 

The first of these shows that the values of £ when x' =^ 0 

are those of %, as before stated; the second will determine 
dx 

the positions of convexity by art. (81) or the radii of curvature 
by art. (78) if required, the formula for the latter being 

n _ (1 ± Po")" 3 

The nature of each separate branch of the curve may, 
however, be easily made known by comparing with £ 0 the two 
values of £ which correspond to small positive and negative 
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values of j/. Thus, if (3 — £ 0 ) x> continues to be positive, the 
convexity is evidently downwards ; if it continue to be negative, 
the convexity is upwards ; and if it change sign with x, the 
point is one of inflexion. 

Example 1. — Let x 4 — ax~y -f by 3 = 0, and determine the 
nature of the point at the origin where x — 0, y = 0. 

Here 

(£) = 4 * 3 - 2a * y = 0 ' (J)=-«* 2 + 3V = 0; 
-12,. - - 0, ( *J) — - 0, (£) . „, - 0, 

(S)-^-,(^)=- 2a ,(^)=o,(-)= 6S . 

Therefore the equation for determining the values of a 

= ^is 
dx 

— 6aa + 65a ;i = 0, oria 3 — fifa=0; 

the roots of which are a = 0, and a = + fsj ~ , a her efore 

b 

the point is a real triple point similar to that shown in 
diagram 7. 

Otherwise, the origin being already situated at the pro- 
posed point P, substitute y = fix, and a? 4 — ax s (3 + bx s & 3 
= 0, which divided by x s gives x— afi + fl/3 3 = 0. Hence, 

at the origin, — ap + 6/3 3 = 0 ; ,\ jS = 0 and /3 = ± \f ?, 

and the point is a real triple point. 

Example 2. — The equation being ay* + b x* — x z = 0, 
required the nature of the point at the origin. 

Substitute px for y aud divide by x~ ; then, a/9 2 -f 5 

6— x 

-~ x = 0 ; .\ £ 2 = , and at the origin, x = 0 and 
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#o = \/ — -> which being unreal, the point is detached from 

its curve, and is a conjugate point. 

Example 3. — The curve (ay— x~)~(a 2 -f x 2 ) — m 2 a 3 # 4 = 0 
passes through the origin; it is required to find the nature of 
this point. 

Substitute, as before, y = $x ; then, dividing by x~, we 
get, 



mx 



(<r/3 - xf {a"- + X *) - mW- = 0 ; .-. 0 = *-± /-.—a " 

At the origin £ 0 = 0, and, as the double values of £ here 
merge into one, the two branches have mutual contact with 
the axis of x at this point. Differentiating the value of /3 we 
have also 

* s- I 4- ma2 „ • - 1 ± m 



dx a - (a 2 -f ,r 2 )* 



Therefore, if m > 1, the convexities lie in opposite directions 
and the contact is external; if m < 1, the contact is internal, 
or a point of osculation, and the two branches have their con- 
vexities presented downwards ; and in either case the two radii 

of curvature are p Q = — — — • — N . 

2(1 Hh m) 

Example A. — The curve whose equation is ax 2 + afi— iy 2 =0 
has a double point at the origin, and the directions of the 

branches are determined by 0 a = ± J!L . 

Example 5.— The curve (a 2 -* 2 ) y~- (a 2 + x~)x* = 0 has 
a double point at the origin, and 0 O = + 1, or the branches 
make equal angles with the axes of coordinates. 

Example G.-The Lemniscate Or 2 + y 2 ) 2 -a 2 (x*-y*) = 0 
has a double point at the origin, and the branches make equal 
angles with the axes. 

Example 7. — If b (y — x) 2 — x* = 0, the origin will be 
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a cusp of the first kind, the common tangent making equal 
angles with the axes. 

Example 8. — If x b + a~x z — b z y* = 0, the origin will be a 
cusp of the first kind touching the axis of x. 

Example 9. — In the Cissoid y 2 (2a — x)— x 3 = 0, the origin 
is a cusp of the first kind also touching the axis of x. 

Example 10. — If (ay — ax— x 2 ) z — x 5 = 0, the origin will be 
a cusp of the second kind, with the two convexities down- 
wards, and the common tangent making equal angles with the 
coordinate axes ; also the branches at this point will have 
the same centre of curvature, the common radius being p 0 

= -av 2, so that the contact is of the second order. 

Example 11. — The evolute to the ellipse, example I, art. 
(80), 

(ax)% + (by)** = (a°~-b n ~)% 

has four cusps of the first kind at the points 

. a 1 — b 2 , a 2 — b~ 
x = 0,y=± — — , and y =0, x = ± — 

ix. Tracing of Curves, 

(87.) The equation of a curv e being given, it is sometimes 
required to develop its particular structure, peculiarities of 
form, and general character. Such an investigation is usually 
called discussing or tracing a curve from its equation, and 
only requires the practical application of the preceding for- 
mulas. It will be sufficient here to indicate the chief points 
that should engage attention. 

i. If the equation be in the implicit form, it will be advisable, 
if practicable, to solve it with respect to one of the variables, 
provided the result be in a convenient form for calculation. 

By first making y = 0 and then x = 0, we shall ascertain if 
the curve crosses the axes and the positions (ar 0 , 0), (0, y 0 ) 
of the points of intersection. Also, by assigning to one of the 
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variables a series of positive values from 0 to oc, and of 
negative values from 0 to — oo , and calculating the correspond- 
ing values of the other variable, we shall be enabled to follow 
the course of the curve, and to discover if it has any infinite 
branches. In all these calculations both positive and negative 
results should be carefully included, so as to obtain the com- 
plete branches of the curve. 

ii. Should the curve possess any infinite branches, ascertain 
if they have asymptotes and determine their equations, and 
thence their geometrical positions. 

in. Determine the value of and from it deduce the maxi- 

ax 

mum and minimum values of x and y, and the angles at which 
the curve cuts the axes, &c. 

iv. Determine the value of -r~ and thence the relative posi- 

dx~ 

tions of convexity of the different branches, and the points of 
inflexion if there be any. 

cly 

v. Should the expression for for particular values of the 

variables, become of the form jj-, determine the nature of the 

corresponding multiple points. 

Note. — In some cases the character of a curve can be 
discussed with greater facility when its equation is transformed 
into polar coordinates. See the following Chapter. 



x. Envelopes. 

(88.) Let the equation to a system or family of curves be 
denoted by 

U=/(*,y, <0 = 0, 

where a is a variable parameter which is only constant for 
each curve. For each specific value of a the equation will be 
that of a determinate curve ; and when a varies continuously 



■ 
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it will determine a continuous succession of curves, the position 
and character of each of which will differ but little from 
that which precedes it. 
Let 

u 0 =/fay. <0=o, 

u i=/fe y> « + da) = 0, 
U a =/(^,y, a + 2da) = 0, 

be three consecutive curves in this series, and suppose P to be 
a point in which the curves U 0 and U, mutually intersect, 
and P the corresponding point in which Uj and U 2 intersect. 
Then, since the two points P, F are both situated in the curve 
it is evident that the curve which is the locus of the 
points^ P will have the element of its arc, PP' = ds, co- 
inciding with an equal element of the curve U l . Therefore 
the curve traced by the intersection P will have contact with 
the entire family of curves U, and it is hence called the 
envelope of the system. 

The envelope to the family of curves U is therefore to be 
found by determining the locus of the point of intersection of 
two consecutive curves taken indefinitely near to each other. 
Let x, y be the coordinates of the point of intersection P ; 
then these coordinates will fulfil both of the equations U = 0, 
\J X = 0. Hence, in passing from U to U 1( the point P will 
remain fixed and only a will vary, so that we must have 

Car ) = °- 

We have thus the two equations 

©-» 

• from which the variable parameter a being eliminated we shall 
obtain an equation involving x and y, the coordinates of the 
point P, which will be the equation to the envelope of the 
proposed curves U. 

(89.) If the equation U =/(*, y, a) be of the first degree 



Digitized by Google 



142 



THE DIFFERENTIAL CALCULUS. 



in x and y, it will represent a system of straight lines ; and if, 
as the parameter a varies continuously, the variable line be 
supposed to be in motion, the point P will obviously be the 
centre of instantaneous rotation ; and its locus will be that 
curve to which the line is always a tangent. This may be 
made apparent by conceiving the envelope or the curve which 
is the locus of P to be represented by a rectilinear polygon of 
an indefinite number of sides, each of these sides at the same 
time representing an infinitesimal element ds of the curve. 
The sides produced will represent tangents to the curve, 
and the angular points will evidently be the intersections of 
consecutive tangents. 

This property of a Curve being generated by the ultimate 
intersections of a series of lines determined by a given law 
may be further instanced in the evolute to a curve. Since, 
art. (79), the normal drawn to a curve at any point is always 
a tangent to the evolute, it is evident that the evolute will be 
the envelope to all the normals, in the same way that a curve 
is the envelope to all its tangents. 

Example 3L — Find the envelope to the system of lines 

determined by the equation - jl. * as 1 3 where a and /3 are 

a p 

variable parameters subject to the condition a/3 = 4 th 2 . 

By differentiating the equations with respect to the para- 
meters, we have 

x i/ ' 

from which eliminating da, dp, we get - = J - = or a = 2r, 

a /3 2 

£ = 2y. These substituted in a/3 = 4m", we have for the 
envelope the equation xy = m 3 , which is that of a hyperbola 
referred to its asymptotes. 

x'~ t/' 2 

Example 2.— The equation to an ellipse being — + = 1, 
that of the normal drawn through the point x'y' is, example 
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art. (74), — . -^ = a 2 — determine the envelope to 

* y 

all these normals. 

The two variable parameters x\ y' may be reduced to one 
by making x' = a cos a, y' = b sin a ; then, putting c 2 = a' 2 — b 2 , 
we shall have 

cos a sin a 

and, differentiating with respect to the variable parameter a, 

< 

(d\J\ sin a . cos a 

da / cos-a 0 sin-a 

From the latter equation, tana = — and by sub- 

stituting the corresponding values of cos a, sin a in U = 0 and 
reducing we finally obtain 

(ax) 3 + (by) 3 = (c 2 )^, 

which is the evolute to the ellipse, and agrees with the result 
before obtained in-art. (80). 

Example 3.-— The envelope to the system of straight lines 

determined by the equation y = ax + - is the parabola 

a 

y 2 = 4mx. 

Example 4. — The envelope to the system of circles 
(x — m — a) 2 -f y 2 = 4ma is also the parabola y 2 = 4mx. 

Example 5. — If a straight line whose length is c slide with 
its extremities upon the axes of coordinates, its variable equa- 
tion will be represented by — 1 L_ = i ; an d the 

c cos a c sin a 

envelope, or curve to which the line is always a tangent, will 

2 2 2 

be the hypotrochoid x* -f y* = c T . 

Example 6. — The parabolas described by projectiles dis- 
charged, in vacuo, from a given point with a given velocity are 
included in the equation Amy =4max — (1 -f a 2 ) x 2 ; and 
the envelope to these is the parabola x* = 4m (m — y). 
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CHAPTER VIII. 

FORMULAS FOR POLAR EQUATIONS, &C. 

(90.) The system of representing positions by means of 
coordinates relative to fixed axes gives the greatest facility 
and the widest range to the applications of the analysis. It is 
on that account much employed in geometry, and almost 
exclusively in physics, to which in nearly every branch of 
inquiry it seems to be particularly adapted. In the geometry 
of curve lines, however, it is sometimes convenient to in- 
vestigate the properties of certain curves from what is called 
the polar equation, and which is especially applicable to 
curves of the spiral kind. • v 

A fixed indefinite right line Ox, origi- N \^ ^_y \ 



nating at 0, is called the polar axis or 
prime radius; the fixed point O is the 
pole or origin ; any right line O P drawn 
from the pole O to a variable point P is 
called the radius vector to that point, 




and its angle VOx with the axis the polar angle. 

The radius vector OP is denoted by r, and the polar angle 
FO.r by 6 ; these evidently define the position of the point P, 
which may be symbolically designated the p^int rd. 

The polar equation to a curve expresses a relation between 
r and 6, and is of the form 

F(r, 6) = c; 

and, in most cases, r may be separated so as to give the 
explicit form 
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F and / in most cases involving the polar angle B under the 
form of trigonometrical functions. 

The quantities r, B being thus made subject to an equation, 
we shall have particular values of r for each successive value 
of B ; and hence the point P becomes restricted to a particular 
curve determined by the equation. 

The perpendicular OH from the pole upon the tangent 
being, as before, denoted by p, the equation to a curve is 
in some cases advantageously expressed in r and p. 

(91.) Polar Equivalents. — By taking the axis of x for the 
polar axis, and the origin of the rectangular coordinates for 
the pole, we shall obviously have 

,r = rcos0, y=rsin0; 

and hence also, by differentiation, 

dx = dr cos 6 — rdBsiuB, 

dy = dr sinti -f rdBcosB ; 
d 2 x = d 2 rcosB — 2 drd6 sin B — rdB* cosB — rd' 2 B sin B, 
d°~y = d 2 rs\nB + ZdrdBcosB - rdB 2 s\nB + rd 2 BcosB. 

These values substituted in any given formula involving 
rectangular coordinates, will give the equivalent polar formula 
in terms of r, B and their differentials. 

The following relations are sometimes useful in dynamical 
investigations : 

dx cos0 + dy smB = dr, 

m 

dy costf — dx sinB = rdB, 
drxcosB + d 2 ys\nB = c? 2 r— rd0* $ 

aV-y cosB - d?x smB = rd 2 B + 2drdB = ^ d6 \ 

r 

When B is taken as the independent variable, d& will bs 
constant, and the terms containing d?8 will disappear. 

(92.) Rectification. — Substituting the foregoing values of 
dx, dy in the equation ds 2 = dx 2 + dy 2 , we get 

da 2 = dr 2 + r 2 dB 2 , 

o 
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ds = \/{dr* + r~d6*) t 

(93.) The value of ds may be immediately deduced from the 
diagram. Thus if OP and OP' be the radii vectores, sub- 
tending the arc PP' = cfo and containing the angle POP'=c?0, 
let Pm be a small arc described with the radius O P and 
meeting O P' in m ; then, 'fallen the elements are infinitesimal, 
this small arc may be regarded as a right line perpendicular 
to OP'; also, we shall obviously have mV = dr, and Pm 
as rd0; 

.\ ds* = PP' 2 = mP' 2 + Pm 2 = dr* + r*d6*. 

Several of the subsequent formulae may also be obtained 
geometrically from the diagram, and the determination of 
them in this way would form useful exercises for the student. 

(94.) Perpendicular on the Tangent. — The perpendicular 
OH from the origin upon the tangent being denoted by^>, 
we have, art. (73), 

xdy — ydx 
P ds 

By substituting the preceding polar equivalents, this gives 

r*dO _ r*dd 
p ~ ds - s/(dr* + r*d&Y 

1 dr 
Cor. — If u = - ; then du = — — , and we obtain the neat 

r v 

formula 

1 _ 2 du* 

(95.) Sectorial Area. — Conceive two consecutive radii vec- 
tores OP = r, OP' = r + dr to be drawn, subtending the 
element P P' = ds of the curve and containing the angle 
POP' = d0. The sectorial element thus formed by these 
radii vectores and ds may be considered as a plane triangle, 
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d the perpendicular from the origin on. the opposite side 
ds produced will obviously be that on the tangent to the 
curve. Therefore, p denoting this perpendicular, the area 

of the sectorial element = • That is, denoting by S the 

sectorial area of the curve estimated from a given radius 

rector, dS = But, art. (94),, = = 

.„ — x dy—ydx r 2 d0 

• • flu — _ — _ 

2 2 



and S ==y 



— — — • 
2 

(96.) Inclination of the tangent with the radius vector, — 
Let the angle OPT included by the tangent and radius vector 
be denoted by P ; then by the diagram, 

sin P = — = - ; 
OP r 



... cosP= ^z£!), tanP = 



Substituting the value o(j>, art. (94), these become 



■n rdO rdd 
sm P = — = 



ds *J(dr* + 
„ dr dr 

COS I — — 

ds v^r 3 + r W)' 

tanP — — — • 
dr 



Cor. — Hence we obtain, 



. dr rdr 

3 "~ HoIp ~ V(^p)' 



r*S(r 2 —jjr)' 

£/S — r2 ^ _ P r d r 

~2~~~ 2y/(r*-jP) B 
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which are here expressed in terms of the Radius vector 
and the perpendicular on the tangent. 

(97.) Tangent and Normal, — Let a 
straight line NOT be drawn through 
the origin at right angles to the radius 
vector OP, and intersecting the tangent 
and normal in the points T and N. 
This line we shall here designate the 
relative axis to the point P. It is 
evident that the positions of the tangent and normal with 
respect to this axis will enable us to construct them geometri- 
cally. The line PT is the polar tangent, PN is the polar 
normal, OT is the polar subtangent, and ON is the polar sub- 
normal. From the angle P, determined in the last article, 
t he values of these lines are immediately deduced as follows : 

r ?* 2 rds 

PT = polar tangent = = -^-^ = ^, 



PN = polar normal = £- p = j=%- 



OT as polar subtangent = r tan P 

* 




pr 




V(r 2 -/> 2 ) 


r 

ON = polar subnormal = A — - = 

tan P 


r 
P 


*"(f*-jp*) 


~ TJ . ~ r~d6 
OH = o = rsinP = — — » 

as 






OK=jo y = rcosP= V (r 2 -^ 2 ) 




rdr 
IT' 



t^dd 

~dT' 

dr 



(98.) Asymptotes. — If for any finite value of 0 the value of r 
becomes infinite, the radius vector does not meet the curve 
at any finite distance, and therefore it must be parallel to the 
tangent which belongs to the corresponding point at the infinite 

r dO 

distance. The polar subtangent OT = will then become 

identical with the perpendicular from the pole on the tangent, 
and if its value be finite, the tangent admits of being con- 
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structed and is then an asymptote to the curve. If the polar 
subtangent = 0, the asymptote passes through the pole and 
coincides with the radius vector : but if the value of the polar 
subtangent be infinite, the tangent, being at an infinite distance 
from the pole, is not an asymptote. 

If the diagram be conceived to be turned round into such a 
position that tlie radius vector shall proceed from the pole 
towards the right hand, the rule of signs to be observed in the 
construction will be simply as follows : If the value of the 

r-dQ 

polar subtangent OT = be positive, it must be measured 

downwards, and if it be negative, it must be measured upwards; 
then the right line drawn through the point T parallel to the 
radius vector, will be the required asymptote. 

(99.) A polar curve may have a circular asymptote. If, 
when the value of the polar angle 6 is supposed to proceed 
positively or negatively to infinity, the point P recedes from 
the pole until the radius vector ultimately attains, as a 
superior limit, the finite value a ; then a circle whose centre is 
the pole O and radius a will evidently be an exterior asym- 
ptotic circle. But if the point P approaches the pole, until the 
radius vector reaches as an inferior limit the finite value a, the 
circle will be an interior asymptotic circle. 

(100.) Circle of Curvature. — The value of the radius of 
curvature obtained by general differentiation, art. (77), is 

ds* 

P ~ ± dyd-x-dxdhf 

But, using the polar equivalents, art. (91), we have 

dyd~x — dxd 2 y = 

dr(d~xsm6— d 2 y cosd) + rdB(d*x cos 6 + d~y sin£) 

= -dr(2drd6 + rdH) + rd$ (d*r-rd6°~) 

= -tftf(rW + 2dr~-rd*r)-rdrd*$; 

_ ds* 

' * 9 " dd (r°~d6* + 2rfr* - rd*r) + rdrd*~d ' 
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By taking 6 as the independent variable, 

_ ds^ _ (</r 2 + r 2 <70 2 )^ 

P d6(r*d6* + 2 dr*-rdPr) ~"~ d6{r*d6* + 2tfrWtf 3 r)' 

which will be positive when the convexity is downwards, and 
negative when it is upwards. 

1 , 1 , du jo d?u , 2du 2 
Ifw = then v = -> <fr = s , d 2 r = + — T"> 

and the expression for p reduces to the convenient form 



/ a du*\? /, 1 du*\? 



M -f- 



(101.) The value of the radius of curvature in terms of r 
and p may be found as follows : 

Referring to the diagram, we have the angle O PI = P, 
POI = 6, and PID = *> ; o> = P + 0, and da = d? + dO. 
But from the values of sin P, cos P, art. (96), we deduce 

dsinP rdp—pdr 
cosP r\/(r-— p") 

Also, art. (96), 

c/s = -77-0 ot-; and tf0 — — tto — ~ox » 

rip 

.\ da ~ 



Hence, art. (7<% 

p ~dZ~"dp' 

This neat relation may be verified by substituting for cfc 
the differential of the expression p = ^(^2 + r % dB ^ ' 1 116 

result will be found to correspond with the value before 
obtained. 
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Examples. 

1. In the lemniscate ?* 2 = a~ cos 20, p = — . 

r Sr 

3 

2. In the spiral of Archimedes /• = <z0, p = _ g , — 4> • 

q j , v • , • , * r(a 2 + r 2 )* 

3. In the reciprocal spiral u = -> p = -3 

2 

4. In the cardioid r = « (1 — cos 6), p = - v 2 or. 

o 
?* 

5. In the logarithmic spiral = tnr, p — — 

n - c 2 (r 2 — a 2 ) 
G. In the epicycloid p 2 = g2 _ ^ 3 — > 

P -p — ^ — - - V (c- - o 3 ) (r a - a-)- 

(102.) Chord of Curvature. — The portion of the radius 
vector, produced if necessary, intercepted by the circle of 
curvature, is called the chord of curvature. As this chord 
evidently subtends an angle, at the centre of the circle, equal 
to 2 P, its value is 

Chord of Curvature = 2p sin P = ^ = 

r r dp 

Example 1. — In the lemniscate r 2 = a 2 cos 20, the chord of 
curvature = | r. 

Example 2. — In the cardioid r = a(l — cos (9), the chord of 

curvature = - r. . 

(103.) Evolute and Involute. — The radius of curvature 
coincides with the normal and touches the evolute, art. (79). 
Let r, = OR, p t = OK be the radius vector and perpendicular 
on the tangent which belong to the evolute at the point of 
contact. By referring to the figure, page 148, it will be seen 
that p and p t constitute a rectangle HOKP with the tangent 
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n.td normal to-the curve; also that OK 2 =IIP 2 =OP 2 — OH 2 
raid OR 2 = RK 2 + OK 2 , that is 

p~ = r 2 — p 2 , 

= p 2 — 2pp + r 2 . 

The ™lue of p = -7- being previously determined, we can 

dp 

usually by means of these two equations and the equation of 
the curve f(r, p) = 0, eliminate r and p t and so obtain the 
equation of the cvolute in r, and p r 

Example 1. — The evolute to the logarithmic spiral^ = mr 
is a similar logarithmic spiral^ = bir r 

Example 2. — The evolute to the epicycloid p 2 = c *(^-~ a ~) 

c — w 

is another epicycloid = — - g ^ . 2 — . 

(104.) The value of the radius of curvature maybe simply 
deduced from the equation 

r, 2 = p 2 - 2^pp + r 2 . 

Since, when we proceed to a consecutive point in the curve, 
OR = r, and PR = p, which have reference to the pole O and 
the intersection R of consecutive normals, do not change, we 
may differentiate with respect to r and p only, which gives 

— 2pdp + 2rdr = 0, .*. p = — — 

(105.) Let r\ p r be the radius vector and perpendicular 011 
the tangent which belong to an involute of the curve. As the 
curve is its evolute, we have from the foregoing equations, 

substituting r -^~ for p', 
dp 



r 2 
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The values of p and r given by these equations being 
substituted in the equation of the curve, we shall find an 
equation involving r J i p' and their differentials. If it can be 
integrated, the equation of the involutes of the curve will 
thence be found. 

(106.) With respect to the evolute, let p t be the radius 
of curvature at the point R, ds, the element of the arc, and a>, 
the inclination of the tangent RP with the polar axis. Then 

© = © -f ^ and ds, = dp ; 
2 

ds 

ds, dp d Q s 
™ da>, dco rfo) 2 ' 

the differentiations being with respect to « as the independent 
variable. 

* These formulae are useful if s or p can be expressed as a 
function of o>, or when a curve can be reduced to an equation 
of the form F(s, o>) = 0, or f(p, o>) = 0. Thus in the example 
of the cycloid, page 124, we have 

dr A I x 
cos O) = — = V 7T> 
ds 2a 

p = 2\/2a(2a — ,r) = 4asma>; 

dp A A 

.'. p, = -f — 4 cl cos (o — — 4a sin w^j 
dco 

and the two equations p = 4 a sin o>, and p, = — 4 a sin a, 
which determine the respective curves, show that the evolute 
to the cycloid is an equal cycloid placed in an inverted 
position. 

(107.) Positions of Convexity and Points of Inflexion. — 
When p is constant or dp = 0, the curve becomes a straight 

* It may here be suggested that a curve may be determined by an 
equation between any two, or more, of the quantities r, 0,p, a, p, 8, and 
that in particular cases the investigation of the properties of a curve may 
be greatly simplified by an appropriate selection of variables. 



Digitized by 



154 



THE DIFFERENTIAL CALCULUS. 



line and therefore has no convexity. On examining the 
diagram it is evident that if a curve is concave towards the 
pole* r and p will either both increase or both decrease, and 

therefore -£ will be positive ; and if the curve is convex 
dr 

towards the pole, r and p will one of them decrease when the 

other increases, so that ^ will be negative. 

dr 

Hence, we have this rule : If 

J? is { P os itiye 1 ^ curve is { c ° ncave 1 towards the pole. 
dr I negative J L c °nvex J r 

When changes sign by passing through 0 or 1 the 

direction of curvature will become reversed, and this will 
indicate a point of inflexion. 

(108.) Locus of the point where the perpendicular meets the 
tangent. — Let it be required to find the equation to the curve 
which is the locus of the point H, where the perpendicular 
from the pole intersects the tangent. Denote the radius 
vector Oil of this curve by r u , and the corresponding polar 
angle and perpendicular upon the tangent by 8 n and^„. Then 
we shall have^? = r y/ , and, since O H is perpendicular to PH, 
the angle between two consecutive positions of OH will be 
equal to that between corresponding positions of the tangent 
PH ; that is, dd u = da>. But, art. (101), 

7 _ dp _ dr tl 
and, art. (96), d$„ = — p " * /r "— • 



• * — Pn an( l r — r '/ 2 

• • — 77~^» *\ 77 — v y\» ' • 

Hence, if the polar equation to the given curve be f(p, r) 
= 0, that of the locus of H will be f(r iti = 0, being ob- 
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tained by simply substituting the values p = r it , r = in the 

JP// 

given equation. 

Example 1 . — In the case of the logarithmic spiral, the locus 
of the point H is an equal and similar logarithmic spiral. 

Example 2. — In the case of the rectangular hyperbola, the 
locus is a lemniscate. 



The preceding articles present a complete digest of the 
most useful formulae which relate to curves referred to polar 
coordinates, and by them we are enabled to trace and discuss 
all the peculiarities and properties of curves from their polar 
equations. 

(109.) For convenience of reference, we shall here collect 
together the equations of the principal known curves ; and we 
shall then conclude with some general theorems, which have 
been deferred for insertion at the end of the volume. 

1. The Parabola ; referred to its vertex and axis, y 2 = 4mx ; the focus 
being the pole, the polar equation is r = . g , or p 2 = mr. 

2. The Ellipse; referred to its centre and principal axes, the equation 
is -y + jo = 1 ; when the centre is the pole, the polar equation is 

T " ~ a ~ (l — e s cos 2 fl ) ; am *' wnen tnc * ocus tuc P°* e ' ** is 

r = , or p = b \f , where e = — 

1 + e cos 6 r V 2a— r a 

3. The Hyperbola. — Referred to its centre and principal axes, the 

x 2 v 2 e 2 — 1 

equation is - - ^ = 1 ; when the centre is the pole, r 2 = fl2 f— ; 

and when the focus is the pole, r = *^ — 1^, or p = b \/ 7: — - — » 

r 1 + ecosd' e V 2a + r 

where e = — • Tae nyperbola has two asymptotes. 

a 

4. The Equilateral Hyperbola, when referred io its asymptotes, has for its 

a 3 a 2 

equation 2xy — a 5 ; and the polar equation is r 2 — j-^Ji 0T P ** — * 
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5- The Cycloid. — Referred to its vertex and axis, the equation is 

y m \/(2ax— or) + avers 

a 

"which may be otherwise stated x = a(l — cos<f>), y = a(<p + sin<f>). 

(L The Catenary. — Referred to a point at the distance c below the 
lowest point of the curve, with the axis of x horizontal ; its equation is 

y = £ c + e c j ; and the radius of curvature p « — is equal to the 
normal, but drawn in the opposite direction. 

X 

■— * 

Z. The Logarithmic Curve. — Its equation is y = ce a ; the sub tan gent 
= a is constant, and the negative axis of x is an asymptote. 

x 3 

8* The Cissoid of Diocles. — Its equation is = z ; the origin is a 

2a — x 

cusp of the first kind, and the curve has evidently an asymptote perpen- 
dicular to the axis of x at the distance x — 2a. 

2, The Conchoid of Nicomedes. — Its equation is.r 2 y 2 =(a 2 — y 2 )(£ + y) 2 ; 
the axis of y contains a double point, and the axis of x is an asymptote. 

10. The Lemniscate of Bernoulli. — Its form resembles the symbol co , 
and, referred to its centre or double point, the equation is 

(or + y 2 ) 2 = a 2 (^ -y 2 ); or r 2 - a 2 cos 2 0, or jt; = — • 

IL The Witch of Agnesi. — Referred to its vertex, the equation is 

n 

o*x a a 

y 2 = ; it has inflexions at the points x — — , y = + — — , and an 

a— or 4 V3 

asymptote perpendicular to the axis at the distance x = a. 
\2± The Spiral of Archimedes. — The polar equation is 



r = ad, or p = 



r 2 



V(a 2 + r 2 ) 

LL The Reciprocal Spiral. — Its polar equation is 

a ar 

r= ? 0Tp= gg+gf 

LL The Logarithmic Spiral. — Its polar equation is r = a0; or p = wr; 
the curve intersects its radius vector at a constant angle P ; and its evolute 
and involute are spirals equal to the original one. 

UL The Cardioid. — Its polar equation is r = a (1 — cos 6) or = 2 a/? 2 ; 
the origin is a cusp of the first kind, and its evolute is another cardioid ; 
also the lines drawn through the pole, and intercepted by the curve, are 
all of the same length 2a. 

liL Quadratrix of Dlnostratus. — Its equation is y *» x tan ^ i 
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and it baa an infinite number of asymptotes perpendicular to the axis 

r) ^ 

of x. When x — 0 f y = 0 x oo = — -• 

IT J? 

17. Quadratrix of Tscbirnhausen. — Its equation is y = a sin and it 

has inflexions at the points where y = 0. 

18. Companion to the Cycloid: x = — cos<£), y = a$>. 

19. Trochoid; x m a(l— ncos^>), y = fl(<J»— nsin^>). 

20. Epitrochoid; x (a + cos<f>-A cos (^-y- 

y = (a + £)sin<f> — Asin ^IjLAj^. 

21. When h = this becomes the Epicycloid; and when also a = it 
becomes the Cardioid. 

22. Hypotrochoid ; x = (a-£)cos<£ + A cos ^1^1? j <£, 

y = («_&) sin <p- h sin 

23. When A = b, this becomes the Hypocycloid ; when i = ^, it gives 

a i + yl_. a #. ^ w h en ^ = f f it becomes an Ellipse. 

2 



a 2 



24. The Lituus. — Its polar equation is r 3 — -z* 

V 



Euler's Theorems on Homogeneous Functions. 
(110.) If u = f(x, y, z y &c.) be a homogeneous function of 
n dimensions and of any number of variables ; then 

= — 1)(« — 2) w, 
&c. &c. &c. 
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Since the function u is homogeneous and n is the sum of 
the exponents of the variables in each term, if for x, y, z, &c. 
there be substituted (1 -f a)x, (1 + a)y, (1 4- a) z, &c. it is 
evident that the value of u will become ( 1 + a) H u ; that is 

(1 + a) H u =/(# 4- ax, y + ay, z -f az, &c.) 

The first of these being expanded by the binomial theorem, 
and the second by the formula of art. (47), by equating the 
coefficients of the like powers of the arbitrary quantity a, we 
obtain the elegant relations stated in the theorems. 



Laplace s Theorem. 
(111.) If y = f(z H- x<t>y), in which y is an implicit func- 
tion of two variables x and .z depending on the forms of the 
functions characterized by f and <j> ; then the development of 
any other function Fy may be obtained from the following 
general theorem : 

By considering u = Fy as a function of x its expansion in 
powers of x, art. (46), is 

x / ' du\ x" /cl'^u \ x^ /d^xi\ 

" = + 1 UA + ~2 w) 0 + U7z w) + &c - • • ^ 

where the values of w 0 and the differential coefficients, as 
indicated, are to be taken when x = 0. For the investigation 
of the proposed theorem it will therefore only be requisite to 
determine the values of these coefficients. Let 

£ = * + x(py; 
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then y =/# =f(z + x$y). By differentiating first with 
respect to x and then with respect to s, we have 

<£r V dx) Jl ' dx l-^'y/'/S' 



This equation being independent of the form of the function 
y =//3 must evidently he true if y be replaced by any function 
of 0 or by any function of y. Substituting therefore w = Fy, 
we get 

Again, since u is a function of y, which is a function of two 
variables x and z, we have, art. (37) and this equation (1), 

d 2 u d du (j>y d du </>y d f du v 0 1 

t 

.... (3), 

&c. &c. &c. 

d»u _ d^ d n ~* du((f>y) n - 1 _ d n ~ l dutyy)"- 1 
dx H dx dz n ~^ dz ds n "~ l dx 



In deducing the values of the differential coefficients when 
x = 0 we may obviously make x = 0 before differentiating ; 
that is, we may at once use u 0 = Fy 0 = F/r, and <£y 0 = 
Thus we find, 
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u 0 = Ffy 



\dx/ 0 



(S).=4{^<^}- 

&c. &C. 

and by substituting these values in 

, x /du\ x* /d*u\ # 3 /d*u\ , p 

* = *» + 1 (sj 0 + r2 \&). + tsz (d*-*) 0 + &c - 

we obtain the theorem stated. 

Lagrange's Theorem. 
(112.) If y = z + .r</>y, where <£y denotes a given func- 
tion ; then the development of another function Fy in ascend- 
ing powers of x will be 

„ , d.Yz f . N j f d.Fz,, N2 "l * 3 

, fd.Fz,. -1 *s 



This is a case of Laplace's more general theorem, 
which it immediately follows on making fz = z ; and when 
=1, it becomes Taylor's theorem. 
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